
Thank you: Roberto/Francesco

• 600-page book Liquid Polymorphism, edited by HES       
~~~~~~~~Adv Chem Phys, vol.152  [S.A. Rice, Series Editor] 
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INVITATION: please come to Boston
                      ..i will welcome you at any time!
1. for a visit...of any length
2. for your Ph.D. program
3. for your postdoc
4. for your sabbatical
5. for a fun meal 

or...at least....sit back and address 
a fascinating question NOW!            



Question:  Water is a prototype complex liquid: simple at first sight 
but 72 anomalies...can liquid-liquid phase transition 
hypothesis  offer a conceptual framework?

                 TAKE-HOME MESSAGE
1. What matters:  TWO characteristic length/energy scales 
2. Widom line: a “smoking gun” for L-L critical point: ~228K,~1kbar
3. “protein” “glass” “transition”  NOT protein, NOT glass, & NOT even 
        a transition! Rather is crossover in water structure at Widom line. 

> 50 teachers, 15 EXPERIMENTALISTS (in upper case), 11 are HERE (denoted **: 
C.A.ANGELL, M.C. Barbosa**, M.C. BELLISSENT,  L.BOSIO, F.BRUNI, X Q CHU,S. V. 
Buldyrev, M.Canpolat, S.-H. CHEN**, D. Corradini, C. CORSARO**, P. G. Debenedetti**, 
U.Essmann, G.Franzese**, G.GALLI,  P.Gallo**, A. Geiger, N. Giovambattista,  S.Han, 
M.Hemmati, H.J.Herrmann, T. Kesselring, P. Kumar, E. Lascaris, J.Luo, E.La Nave, 
G.Malescio,  F.MALLAMACE**,D. MALLAMACE**, P BAGLIONI, M.Marques, M. G. Mazza, 
O.MISHIMA, P.Netz, A.NILSSON**, L.G.Pettersson**, P.H.Poole, P.J.Rossky, R. Sadr, S. 
Sastry, A. Scala, D. Schlesinger, F. Sciortino, A. Skibinsky, E. Strekalova, F.W.Starr, 
K.C. Stokely,Z Su, J.TEIXEIRA,  K. T. Wikfeldt, L.Xu**, M.Yamada, Z. Yan, YANG ZHANG

“Experimental Tests of the Liquid-Liquid 
Phase Transition Hypothesis”



QUESTION: Under what conditions a L-L phase transition?   
    ANSWER:  2 length scales ---> Liquid-Liquid Phase Transition

Q: How can a liquid exist in 1 phase??? 
ex: Lennard-Jones: 1 length scale, 1 liquid

Q: How can a liquid exist in 2 diff phases? 
ex: 2 wells => 2 length scales => 2 liquids

LOCAL geometry for each well

Grandma: “How does a liquid know to condense?”
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Q: TESTING IF THERE IS A LIQUID LIQUID TRANSITION??
             concept of a “critical region”....up to 2T_c

Near T_c : response functions (compressibility., specific heat, 
thermal.expansion) are proportional to correlation length to some 
power.  Hence all 3 functions have maxima at the Widom line.



Silicon: Si (Sastry,Widom.Beye)

Silica (Lascaris ...): SiO2  

Water: H2O

Three ubiquitous substances have in 
common local tetrahedral structure and 
hence TWO length scales in their 
interaction potentials.

Q: Do all 3 show a liquid-liquid transition? SiO

***TEST #1: Other Liquids 
  with Local Tetrahedral Symmetry???



H Eugene Stanley

Figure 2. Schematic dependence on temperature of (a) the isothermal com-
pressibility KT, (b) the constant-pressure specific heat CP, and (c) the thermal
expansivity �P. The behavior of a typical liquid is indicated by the dashed
line, which, very roughly, is an extrapolation of the high-temperature behavior
of liquid water. Note that while the anomalies displayed by liquid water are
apparent above the melting temperature Tm, they become more striking as
one supercools below Tm.

2.2 Why do we care about this anomalous behavior?

To begin with, if we do not understand water we will never understand biology.
That is a major reason to care. Scientifically, water is the prototype complex
fluid. It is not a simple, ‘bag-of-marbles’ liquid, but a ‘bag of tetrahedra’. These
tetrahedra are not only irregularly shaped, but are charged. Two of the arms are
positively-charged, corresponding to the protons on each water molecule, and two
are negatively-charged, corresponding to the lone pairs. In addition to short-range
forces, these ‘charged tetrahedra’ interact with long-range Coulomb forces.

2.3 What do we do?

Our approach is based on the fact that water has a tetrahedral local geometry. In
this sense water shares features with other liquids such as silicon (studied in Ban-
galore by Prof. Srikanth Sastry). Because water is both tetrahedral and charged, a
simple Lennard–Jones potential is not su⇤cient to describe its complexity. One way
to modify the Lennard–Jones potential to provide at least a simplified description
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***TEST # 2:  Thermodynamic response functions quantify fluctuations

(b) Specific Heat

(a)Compressibility

(c) Coefficient of    
Thermal Expansion

Q: Is apparent singularity about -45 C the Widom line ???



Test #3 (Sim): 

SIMULATIONS: ST2,TIP4P, 
TIP5P,SPC,TIP4P2005) 
ex:2718 state points in PT 
plane (Poole et al 2005)
each studied for 1728 water 
“molecules” (ST2), others: 
TIP5p,SPC,TIP4p/2005...)

RESULTS:
(a) Line of L-L phase                         
transitions (LLPT line)

(b) Terminates @ L-L 
     Critical Point (LLCP)

(c) Extends to glassy region



LDA: Low-Density Amorph .Glass 
HDA: High-Density Amoph Glass
        *********
LDL: Low-Density Liquid
HDL: High-Density Liquid
          ********
P_c approx 1 kbar (M.Trench!)
T_c  approx. - 50 C

QUESTION:  Expeimental Tests of Water Polymorphism??? 

Exptl.Test #4: 
Poole et al 1992 predict:
 2 kinds of glassy water,
 separated by 1. order ph tr.
Experiments 2 years later: 
Mishima 1994 (2 + 1992)



Exptl test #5: Water Polymorphism 
• Melting ice polymorphs: Mishima/HES Nature98

VOLUME 85, NUMBER 2 P HY S I CA L R EV I EW LE T T ER S 10 JULY 2000

interrupts the detection of the rapid temperature change

at the melting.

The measured D2O melting curves and the D2O-TH line

are shown in Fig. 1. These curves agree with the reported

D2O melting curves [13,14] (and the TH line [11]) in the

region of overlap, showing accuracy of this experiment. In

Fig. 1, we can see a discontinuity in the slope of the ice

IV melting curve at 105 MPa and 219 K and an appar-

ently discontinuous behavior of the ice V melting curve at

75 MPa and 226 K. The melting curve of ice Ih and that
of ice XIV cross smoothly over the TH line. The melting

curve of ice III is smooth though it strongly curves when it

crosses over the TH line around 25 MPa and 238 K. These

D2O melting curves and the D2O-TH line resemble those

of H2O, confirming the reported results for H2O melting

curves [9]. The D2O curves are shifted by about 3 K to

the high-temperature side compared to the H2O curves.

We recall that this shift to higher temperature for D2O is

also observed for other properties such as melting point

and temperature of maximum density.

The melting curve generally reflects the properties of

the crystal and liquid states. Smoothness of the melting

curve indicates that thermodynamic properties of both the

crystal and the liquid phases change smoothly along the

FIG. 1. The melting curves of D2O ice Ih, III, V, VI, XIII,
and XIV. The sample temperatures at melting are plotted versus
pressure. The sample temperature decreases at compression- or
decompression-induced melting above TH , while it apparently
increases at melting below TH . The markers are previously
measured melting points [13]: ( ) Ih, (!) III, (") V, (5) IV,
(3) VI. The fine solid lines and the dotted line are, respectively,
the TH lines of D2O determined in the present study and reported
in Ref. [11]. The high pressure part of the TH line beyond the
minimal pressure of 0.2 GPa, which is determined in this study,
resembles that of H2O [9].

curve. Therefore, thermodynamic properties of the liquid

change smoothly along the smooth melting curves of ice

Ih and ice XIV down to 170–180K. The rather strong

bend of the ice III melting curve around 0–0.2 GPa is,

no doubt, related to the peculiar behavior of supercooled

water in this pressure-temperature region [15–17].

The abrupt changes in slope of the ice V and ice IV

curves are considered to be caused by either a discontin-

uous change in the liquid state or a discontinuous change

in the ices. Very likely these changes in slope are caused

by a change in the liquid state, because these changes oc-

cur near the TH line which is related to the liquid, not to

these high-pressure ices. It would be irrational to consider

that thermodynamic properties of different ices change ac-

cidentally near the TH line. It should also be noted that

the homogenous nucleation phenomenon in a liquid—or

the TH line—does not actually affect melting curves of

crystals, as demonstrated by the smoothness of the melt-

ing curve of ice Ih and that of ice XIV in crossing over the
TH line. Therefore, the observed changes in slopes of the

melting curves of ice IV and ice V are considered to be

caused by some discontinuous behavior of the liquid water

around 0.1 GPa and 220 K.

The melting curves in the 0–0.2 GPa and 200–250 K

region are shown in the left panel of Fig. 2. Although

strongly curved, the ice III melting curve is smooth within

the experimental uncertainty. Contrarily, ice IV appears

to have a clear discontinuity in its slope. The apparently

discontinuous behavior of the melting curve of ice IV and

the smoothness of the melting curve of ice III are consis-

tent with the existence of the liquid-liquid critical point in

the region between the ice-III and ice-IV melting curves,

as shown in the right panel of Fig. 2. Ice V also appears

to have a discontinuity in the slope of its melting curve,

FIG. 2. The melting curves of D2O ices (III, V, IV, XIII) in
the region of 0–0.2 GPa and 200–250 K. Left: experimental
results. The empty circles are the onset of the change in the
sample temperature. Right: schematic representation of the
hypothesized first-order liquid-liquid transition line dividing
the low- and high-density liquids (LDL and HDL) and the
liquid-liquid critical point (C.P.). The C.P. is thought to exist
in the hatched area.
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O.MISHIMA/ HES

Get G(P,T) by   
knowing G for 
liquid and 
solid same 
along melting 
lines....by 
interpolation 
get G(P,T) for 
all (P,T).

 EXPERIMENTAL 
V(P,T) Equation
 of State

V = dG/dP

Exptl. 
Test 
#6:

How?



Artist’s perspective

A 12 µm droplet falls
in vacuum and is hit
by the 3 µm x-ray
pulse generated by
the 1 km long FEL…

Exptl test #7:
BIG REMAINING CHALLENGE: How to enter “no-man’s land” (below -38 C)???
ANSWER #1:  NILSSON, PETTERSSON,... shooting at falling drops 



                   Exptl test #8:
BIG REMAINING CHALLENGE: How to enter “no-man’s land” (below -38 C)???
ANSWER #2:  Study 64-year old Bible: Linus Pauling,”General 
Chemistry”1947.“NANOCONFINEMENT”  distorts water’s “perfect” hydrogen 
bond network.    lowers freezing point... by 100 degrees!

WORRY:   
Does nanoconfinment
 destroy cooperative 
 interactions also?

ANSWER: 
 NO!  Nanoconfinement 
Destroys phase transition  
ONLY after  
correlation length = pore 
size.

Linus Pauling 1947:   
“Water would freeze 
about  -100 Celcius 
IF water posessed 
no H bonds”



Mallamace, Chen,  et al 2008 PNAS 

Thermodynamic anomalies & the Widom temp.:  bulk water vs. confined “water”:

Exptl. Test #9 (confined water = bulk?)



Expt’l Test #10:  Also Specific heat peak (entropy flucts.) locates 
Widom line:  Simulations consistent with Oguni specific heat experiments

S. Maruyama, K. Wakabayashi, M. OGUNI

“Thermal Properties of 
Supercooled Water Confined 
within Silica Gel Pores,” AIP 

conference proceedings 708, 67 (2004)). 

L. Xu, P. Kumar, S.V. Buldyrev, 
S.H. Chen, P.H. Poole, F. Sciortino, 
HES, PNAS 102,16558 (2005). 

TIP5P Simulation
[[Boston]]

Experiments (peak: 225K)
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A: Mallamace, 2007 for liquid water; S.A.Rice for low-density amorphous solid 
Q: Is room-T  water continuous with low-density amorphous solid water?

Experimental Test #11:
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Fig. 6. Constant pressure specific heat CP and specific heat associated with tetrahedral entropy CQ
P of water at atmospheric pressure for TIP5P model of

water.
Source: Courtesy of Pradeep Kumar.

a critical point. Just as the glassy water first-order transition line separates a low-density amorphous from a high-density 1

amorphous phase of water, so also this extension of the line into the liquid region separates a low-density liquid from a 2

high-density liquid. The power-law behavior uncovered over the years by Angell, Anisimov and collaborators corresponds 3

to the fact that the extension of this first-order line beyond the critical point—the ‘‘Widom line’’, defined to be the locus of 4

maximum correlation length [20–23]. Experiments on a path approaching theWidom line display phenomena that initially 5

look as though there will be a divergence, as the correlations increase. However since the correlation length itself is not 6

infinite, there will ultimately be rounding. 7

The degree of ordering and disordering of local tetrahedrality of water upon changing thermodynamic variables, such 8

as pressure or temperature, offers a simple measure of order and disorder in the case of liquid water. Kumar and his 9

collaborators derive a relation for the subset of the structural entropywhich is associatedwith the degree of local tetrahedral 10

ordering [21]. They find that the most relevant part of the total entropy fluctuations (or the specific heat) of water comes 11

from the tetrahedral fluctuations — suggesting that the fluctuations of local tetrahedrality of water contributes the most 12

to the total specific heat [21]. Moreover, the specific heat associated with the tetrahedral ordering CQ
P behaves identically, 13

within error bars, to the total specific heat Ctotal
P (Fig. 6), consistent with the qualitative idea that the principal contributor to 14

temperature dependence of the entropy is the angular variables, not the translational variables. In particular, both functions 15

display clear maxima at the Widom line, which is equivalent to saying that at the Widom line the entropy fluctuations are 16

a maximum (and the dependence of entropy on temperature is a maximum). 17

This phase diagram is hypothesized, but it has not been proved. What has been proved is that computer simulations 18

using tried and tested models of liquid water confirm the broad features of this phase diagram (see, e.g., Refs. [24–27] and 19

refs. therein). But computer models of water (like computer models of anything) are subject to the charge ‘‘garbage-in, 20

garbage-out’’—you get out what you put in. All computer models of complex systems such as liquid water are of necessity 21

simplifications. 22

Here we are guided by exact solutions of simplified models. Simplified models are designed less for the purpose of 23

matching experimental detail, but rather to capture the essential physical features of a real system to explore the effect 24

of these features. A family of models introduced first by Jagla seems to reveal the fact that in order for a system to display 25

a liquid–liquid phase transition, the essential feature of an interaction potential must be that it has not one but rather two 26

characteristic length scales (see Ref. [28] and references therein). 27

Current experiments on this problem are of two sorts. The first is a set of experiments inspired by Mishima that 28

involves probing the NoMan’s Land by studying the metastable extensions of the melting lines of the various high-pressure 29

polymorphs of ice: ice III, ice V, ice IV, and ice XII [29,30]. Two of these lines clearly display ‘‘kinks’’. Since the slope of any 30

melting line is the difference of the volume change divided by the entropy change of the two phases that coexist at that line, 31

if there is a change in slope there must be a change in these quantities. Since there is no change in the crystal part, there 32

must be a change in the liquid part. This means the liquid must undergo a jump in either its volume or its entropy or both. 33

That is the definition of a first-order phase transition. 34

The second sort of experiments avoid the existence of a no-man’s land by using water confined either in nanotubes 35

or near the surface of a macromolecule. These experiments, carried out largely in the research groups of S.-H. Chen and 36

F. Mallamace, are consistent with the possibility of a liquid–liquid phase transition [31–46]. Other novel collective behavior 37

of water is under active investigation, e.g., S. Han and collaborators have found evidence for a solid–liquid critical point in 38

confined water films [47]. 39

Please cite this article in press as: H.E. Stanley, et al., Correlated randomness and switching phenomena, Physica A (2010),
doi:10.1016/j.physa.2010.02.023

Temp.derivative of orientational order is contribution to specific heat 
from the orientational part of entropy.  Also peaks at Widom line.

Kumar-Stanley, PNAS 2009

TEST #12
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Exptl Test #13: Cross Widom line @225 K[Mallamace-Chen07]]

3120 = LDA (= LDL?).  3220 = HDA ( = HDL?)
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FIG. 1: Experimental results on water for P = 1 bar. (a) D as a function of τ/T . The SER
breakdown around T ≈ 290 K is indicated by the energy of slope for γ = −1 to −0.62, while

TW = 225 K, while TW ≈ 225 K determined for the temperature of the dynamic crossover [1],
which is not associated with the change in the slope.(b) Relative population of different species of

water molecules in experiment. (i) LDL: all locally tetrahedrally structured molecules; (ii) HDL:
all the other molecules with nonzero local coordination number less than four. (c) Derivative of the
relative population with respect to temperature for relative population for LDL-like and HDL-like

species.
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Onset Temp of Breakdown: possible structural interpretation
namely when the LDL starts to condense out of the HDL

Xu,Mallamace,Starr,Yan,Buldyrev,HES: Nature Physics 2009

Exptl. Test #14: 
Analysis of 
Mallamace FTIR 
experiments for 
relative populations 
of  LDL vs HDL 
local structures



Self Diffusion by NMR
F. Mallamace et al., JCP (2006)

Dynamic Anomaly: confined “water”

A. There is a dynamic crossover (“Fragile to Strong”) near the Widom line
Q: WHAT MAKES CONFINED WATER DIFFERENT FROM WATER?

Mallamace/Chen/several gifted students & others: 2005-present

Experimental  TEST 15:



Fragile-to-Strong Crossover for Hydrated MCM-41-S-14

Meas. #1: Self Diffusion by NMR

Meas. #2: α-relaxation time by QENS 

A. Faraone et al, JCP 121, 10843 (2004)

F. Mallamace et al., JCP (2006)

EXPT’L TEST 16: DIFFERENT 
MEASUREMENTS AGREE



Experiments display dynamic crossover at 222 K in Protein Hydration Water

mean square 
displacement
          vs.
temperature

log of characteristic time 
      vs.
inverse temperature

Chen et al  PNAS

EXPTL TEST #17



TEST #18: Compare FSC in DNA & in lysozyme hydration water
Comparison of the temperature 
dependence of the average 
translational relaxation times of 
hydration water:

(A) in hydrated DNA

(B) in hydrated protein.

They both show a cusp-like dynamic 
crossover phenomenon at 
temperatures around 220 K. Dash line 
and solid line are  VFT law and  
Arrehnius law fits respectively.

S.-H. Chen et al., “Experimental Evidence of Fragile-to-
Strong Dynamic Crossover in DNA Hydration Water,” 
preprint in http://arxiv.org/abs/cond-mat/0605314.

S.-H. Chen et al.,”Observation of fragile-to-strong 
dynamic crossover in protein hydration water”, PNAS 
103, 9012-9016 (2006).



+TEST	19:	Evidence	of	1st-order	Liquid-Liquid	Phase	Trans.

Y	Zhang,	A	Faraone,	WA	Kamitakahara,	KH	Liu,	CY	Mou,	JB	Leao,	S	Chang,	SH	Chen,	PNAS	2011

TEXPext



+ Test #20: Boson Peak Y	Zhang,etal,	A	Cupane	et	al.

P. Kumar, K. T. Wikfeldt, D. Schlesinger, L. G. M. Pettersson, and H. E. Stanley, 
"The Boson Peak in Supercooled Water," Nature Sci. Rep. 3, 1980 (2013)
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FIG. 1: Fluctuating density of a molecular dynamics run at 200MPa and 248K with 343 ST2 water molecules between the
density of LDL and HDL versus the time. On the right the histogram of this run is shown. Two snapshots of the system are
shown, one in the LDL (blue dominated) and one in the HDL (red dominated) phase. Only the oxygen atoms are shown, they
are colored according to their local q6 order parameter on the second shell, a parameter which distinguishes between LDL and
HDL. Values around 0.2 are typical for the high density phase and are colored red. Values around 0.4 are typical for the low
density phase and colored blue.

values below for bimodal distributions. Therefore the lower the Binder cumulant is below 2/3, the more bimodal is
the distribution. The binder cumulants minimum of course is at the phase transition temperature, hence we have
to look for the minimum of the Binder cumulant for different temperatures. We observe nearly the same minimum
for all three system sizes 343, 512 and 729 see figure 2. Therefore we conclude that this minimum also exists in the
thermodynamic limit at 210MPa.

Trying to follow the first order phase transition line we look at lower pressures namely 190MPa, were we do not
find any indication for a first order phase transition anymore. The histograms may still be bimodal for small system
sizes (N = 216 molecules), but the peaks are no longer well separated. For bigger sizes the bimodality vanishes. We
assess again the degree of bimodality using the Binder cumulant by extrapolating using different system sizes how
the Binder cumulant behaves for a system in the thermodynamic limit (see figure 3). We find that the minimum of
the Binder cumulant is going to 2/3 and therefore there is no indication for a first order phase transition at 190MPa.
The energy is changing from −44 kJ/mol to −37 kJ/mol for temperatures increasing from T = 248 K to T = 251 K,
while the density is shifting from over 1g/cm3 to 0.90g/cm3, which is typical for supercritical liquids .

Since we found a first order phase transition at high pressures, but not at low pressures, we investigated the
intermediate range of pressures. As figure 4 shows we find a very nice agreement of the order parameter distribution
function in our model with the ordering operator distribution for the three dimensional Ising model [19] at 200MPa and
247.3K, and therefore locate the critical point at this temperature and pressure. We calculated the distribution using
histogram reweighting [20] at temperatures 246K, 248K and 250K, all at 200MPa in a constant pressure, constant
temperature ensemble using 343 molecules.

Our estimated critical pressure and temperature differ slightly from the values estimated by Liu et al. [11], see
table I. This can be explained by the fact that we treat the long range electrical forces by the reaction field method
as in the original ST2 paper [21], while Lui et al use the Ewald summation technique. Poole et al. also used the ST2
potential with the reaction field but in the NVT ensemble, both critical points fall into the same region.

To show that both phases are liquid, we analyze the phase we interpret as LDL. (The LDL is more similar to ice
than the HDL phase in both: density and structure measured by Q6. Hence the LDL phase is the phase that a crystal
could be mistaken with.) In figure 5 we use the order parameter Q6 and show that it scales as the square of the
system size as expected for liquids.

We also investigate the structure of the phases LDL and HDL to check whether these phases correspond to the
phases called LDL and HDL in literature. For this we use the intermediate scattering function as defined in Eq. 2.
We show the resulting structure for two different pressures and two different temperatures in figure 6. The first two

Test # 21:  time dep. for 1 state point near ph. trans. line:
Kesselring,Lascaris, Franzese, Buldyrev, Herrmann,HES:	Nature	Sci.Rep.2012;		JCP	2013
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The Economist

Text

The case H=0 (no news): Ising model?
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Each stock is a unit, interacting 
with other stocks (units) and 
bathed in a magnetic field H 
(news).   J depends on the two 
stocks, and H depends on the 
stock. Both can change with time.

Possible models:
(a) Units can be in Q different 
DISCRETE states: “Potts 
Model” (Potts 1952).  

(b) n-dimensional units. Each can 
be in a CONTINUUM of states:    
“n-Vector Model” (HES 1969)

“How?”  “Models?”: Herd vs. News?

MH⇧
M

H ⇤1⌅aH↵/aH
⇥

M

H1/⌃
, (11b)

and

⌅H⇧
⌅

HaT /aH
⇥

⌅

H1/ (11c)

are termed the scaled magnetization and scaled tempera-
ture, while the function F (1)(x)⇥M(1,x) defined in Eq.
(11a) is called a scaling function.

In Fig. 1, the scaled magnetization MH is plotted
against the scaled temperature ⌅H , and the entire family
of M(H⇥const,T) curves ‘‘collapse’’ onto a single func-
tion. This scaling function F (1)(H)⇥M(1,⌅H) evidently
is the magnetization function in fixed nonzero magnetic
field.

V. WHAT IS UNIVERSALITY?

Empirically, one finds that all systems in nature be-
long to one of a comparatively small number of such
universality classes. Two specific microscopic interaction
Hamiltonians appear almost sufficient to encompass the
universality classes necessary for static critical phenom-
ena.

The first of these is the Q-state Potts model (Potts,
1952; Wu, 1982). One assumes that each spin i can be in
one of Q possible discrete orientations � i (� i
⇥1,2, . . . ,Q). If two neighboring spins i and j are in the
same orientation, then they contribute an amount ⌅J to
the total energy of a configuration. If i and j are in dif-
ferent orientations, they contribute nothing. Thus the
interaction Hamiltonian is [Fig. 2(a)]

H⇤d ,s ↵⇥⌅J⌦
⇥ij�

⌃⇤� i ,� j↵, (12a)

where ⌃(� i ,� j)⇥1 if � i⇥� j , and is zero otherwise. The
angular brackets in Eq. (12a) indicate that the summa-
tion is over all pairs of nearest-neighbor sites ⇥ij�. The
interaction energy of a pair of neighboring parallel spins
is ⌅J , so that if J�0, the system should order ferromag-
netically at T⇥0.

The second such model is the n-vector model (Stan-
ley, 1968), characterized by spins capable of taking on a
continuum of states [Fig. 2(b)]. The Hamiltonian for the
n-vector model is

H⇤d ,n ↵⇥⌅J⌦
⇥ij�

S� i•S� j . (12b)

Here, the spin S� i⇧(Si1 ,Si2 , . . . ,Sin) is an
n-dimensional unit vector with ⌦⌥⇥1

n Si⌥
2 ⇥1, and S� i inter-

acts isotropically with spin S� j localized on site j . Two
parameters in the n-vector model are the system dimen-
sionality d and the spin dimensionality n. The parameter
n is sometimes called the order-parameter symmetry
number; both d and n determine the universality class of
a system for static exponents.

Both the Potts and n-vector hierarchies are generali-
zation of the simple Ising model of a uniaxial ferromag-
net. This is indicated schematically in Fig. 2(c), in which
the Potts hierarchy is depicted as a north-south ‘‘Metro
line,’’ while the n-vector hierarchy appears as an east-
west line. The various stops along the respective Metro
lines are labeled by the appropriate value of s and n .
The two Metro lines have a correspondence at the Ising
model, where Q⇥2 and n⇥1.

Along the north-south Metro line (the Q-state hierar-
chy), Kasteleyn and Fortuin showed that the limit Q
⇥1 reduces to the random percolation problem, which
may be relevant to the onset of gelation (Stauffer and
Aharony, 1992; Bunde and Havlin, 1996). Stephen dem-
onstrated that the limit Q⇥0 corresponds to a type of
treelike percolation, while Aharony and Müller showed
that the case Q⇥3 has been demonstrated to be of rel-
evance in interpreting experimental data on structural
phase transitions and on absorbed monolayer systems.

The east-west Metro line, though newer, has probably
been studied more extensively than the north-south line;
hence we shall discuss the east-west line first. For n⇥1,
the spins Si are one-dimensional unit vectors which take
on the values ⇤1. Equation (12b), H(d ,1), is the Ising
Hamiltonian, which has proved extremely useful in in-
terpreting the properties of the liquid-gas critical point
(Levelt Sengers et al., 1977). This case also corresponds
to the uniaxial ferromagnet introduced previously.

FIG. 2. Schematic illustrations of the possible orientations of
the spins in (a) the s-state Potts model, and (b) the n-vector
model. Note that the two models coincide when Q⇥2 and n
⇥1. (c) North-south and east-west ‘‘Metro lines.’’
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(1) “herd effect” (exchange int. J).    (2) “news effect” (external field H)
(c) modified Edwards-Anderson 
“spin glass” with TIME-dependent 
LONG-range interactions both signs
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Can a law describe bubbles and crashes in ! !
financial markets?
Tobias Preis 1,2 and H. Eugene Stanley 1

Figure 1 | Scale-free behavior 
of financial market fluctua-
tions. Financial market time 
series feature identical proper-
ties on very different time 
scales. All four curves are sub-
sets of a 14 million transactions 
dataset taken from a German 
DAX future time series. The 
price curves cover time periods 
of roughly 1 day (top curve), 1 
hour, 10 minutes,  and 1 minute 
(bottom curve). Local maximum 
and minimum values are marked 
as blue and red circles.

Physics World, May 2011
DETAILS IN:
T. Preis, J. Schneider, HES``Switching Processes
 in Financial Markets,'' PNAS 108, 7674

Goal: every trade---msec level...

π



QUESTION: Under what conditions a L-L phase transition?   
    ANSWER:  2 length scales ---> Liquid-Liquid Phase Transition

Q: How can a liquid exist in 1 phase??? 
ex: Lennard-Jones: 1 length scale, 1 liquid

Q: How can a liquid exist in 2 diff phases? 
ex: 2 wells => 2 length scales => 2 liquids

LOCAL geometry for each well

Grandma: “How does a liquid know to condense?”



• On the “imagined” L-L Phase Transition
Limmer/Chandler: JCP 2011,2013

“This paper reports the results of a numerical study aimed at 
elucidating the purported [1, 2] liquid-liquid phase transition in 
supercooled liquid water. The results indicate that this imagined 
polyamorphism does not exist in atomistic models of water.” 

Responses: 
Palmer, Liu,Car, Debenedetti,.... Nature
Poole/Sciortino: PCCP, JCP
Gallo/Sciortino: PRL
Kesselring/Lascaris/Franzese/Buldyrev/Herrmann/Stanley:
                                 Nature Scientific Reports 2012, JCP 2013

“SCIENTIFIC CHALLENGE”:  


