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2 cclLrc “Novea” multiferroic materials

/NN

e Improper ferroelectrics. Primary
order parameter is magnetic.

o “Complex” magnetic structures.
* |P| is much smaller than for ordinary FE.
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Z Programme of Work

7.
-‘/___/ Rutherford Appleton Laboratory

1. Determine thf the magnetic structure
(subgroup of the~paramiagnetic SG).

2. Extract the rotational (proper/improper) part of the
surviving symmetry operators and “unprime” if
necessary.

3. The resulting group S'is one of the 32 three-
dimensional crystallographic point groups.

Common Ingredient: S must be one of the
10 pyroelectric groups.

1,2, m mm2, 4, 4mm, 3, 3m, 6, 6mm
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Fourier Components (complex)



The effect of translations upon the basis vectors
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Generic basis vectors (real)
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Fourier Components (complex)



The effect of translations upon the basis vectors
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Generic basis vectors (real)
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The effect of translations upon the basis vectors
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Space Group P4=C;  k=(0,0,u)
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The effect of the inversion operator |
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The effect of the inversion operator |
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The effect of the c.c.+inversion operator Ki
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2 Co-representations and anti-symmetry
-‘/__/ Rutherford Appleton Laboratory

1. “Conventional” /rreps discard a set of operators
(e.g., the inversion /for kinside the Brillouin zone)
that can still be symmetry operators for the
magnetic structure (as opposed to its Fourier
components).

2. Full symmetry properties of emerge only by
combining normal SG operators with the complex
conjugation operator K'(e.g., K.

3. Operators of the form Kg act as anti-linear, anti-
unitary operators (cfr. Wigner). Their
“corepresentation” theory has been extensively
developed.
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The effect of KI on a generic lattice point
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The effect of KI on a generic lattice point
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Magnetic control of ferroelectric
polarization

T. Kimura'*, T. Golo’, H. Shintani’, K. Ishizaka', T. Arima’ & Y. Tokura'

sinusoidal antiferromagnetic ordering. The modulated magnetic
structure is accompanied by a magnetoelastically induced lattice
modulation, and with the emergence of a spontaneous polariza-
tion. In the magnetic ferroelectric ThMnQy, we found gigantic
magnetoelectric and magnetocapacitance effects, which can be
attributed to switching of the electric polarization induced by
magnetic fields. Frustrated spin systems therefore provide a new
area to search for magnetoelectric media.

The room-temperature crystal structure of Th MO, investigated
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@ CCLRC REMnO, - Pnma, k= (1,0,0)

Cycloidals: D;+ID;

m2m - P /7y
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@ CCLRC REMnO, - Pnma, k= (1,0,0)

Cycloidals: D;+ID;

/D11 € 1 €
Qg 1 € -1 -€
Asz/Ds 1 -€ 1 -€
Ay/Dy 1 € -1 €

222 - P =0
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% CCLRC REMnO, - Pnma, k= (1,0,0)

Dy D5 Ds Dy

iDy 2mm(x) 222(.) mm2(z) m2m(y)
iDy  222(.) 2mm(x) m2m(y) mm2(z)
iDs mm2(z) m2m(y) 2mm(x) 222(.)
iDy m2m(y) mm2(z) 222(.) 2mm(x)
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& SCiRe. TbMn,Os
Temperature (K) ab-plane
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REMN,O; - Pbam, k= (1/2,0,u)

_/ Rutherford Appleton Laboratory
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& ccire  HgCrS, - Fd3m, k= (0,0,u)
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Magnetic Symmetry - Shubnikov Groups
Paolo G. Radadlli



ODbjectives of this module

 Tolearntherelevance of timereversal for magnetic
structures.

 Tolearn how PG and SG operators act on spins.

 Tolearn how magnetic groups can be constructed
from subgroups of index 2.

e Tolearn how to find those on the International
Tables for PG and SG.

e Tolearn about magnetic lattices.

 Tobeableto construct invariant spin arrangements
for magnetic SG, with specific examples.

e Tolearnthe relation between Shubnikov groups and
representations.

Reference: W. Opechowski and R. Guccione, “Magnetic Symmetry”, in
Magnetism, Vol |l part A, ed. By G.T. Rado and H. Suhl. Academic Press
(New Y ork and London), 1965, pp 105-165.




Notation-1

Element of Space group {F}: F=(RJt(R)+t),
where R is a proper or improper rotation, t isaprimitive
trandlation and t(R) i1s a non-primitive translation.

{R} isthe point group associated with {F}. If {(R|0)} is
a subgroup of {F}, then {F} iscalled symmorphic.

Given aposition r on the lattice, the subgroup {F (r)} for
which (Rlt(R)+t) r =t’+ r is called site space group, and
Its point group { R(r)} .

We shall call {A}={E, E’} the 2-elements group of the
time identity (E) and time inversion (E’). Because
crystal structures are static, { F} ® { A} isalso a
symmetry group of the crystal.



Notation-2

However, if we add spins (i.e., magnetic moments) to
some of the atoms, time reversal will switch the direction
of the spins. So {F} ®{ A} cannot be a symmetry group
of the magnetic structure, and the magnetic symmetry
group, { M}, must be a subgroup of { F}®{A} . In
particular, (1|E’) cannot belong to it.

A
- <£>

Forward time Backward time

Purpose of the study of magnetic symmetry isto generate
systematically all the magnetic groups associated with a
particular space group of the crystal structure.



Caveat

Magnetic space groups, also known as Shubnikov
groups, are perhaps the most elegant description of
magnetic structures. However, in the presence of
magnetic ordering, the crystallographic space group is
often not known a priori, because the symmetry subtly is
lowered by magnetic ordering itself. One has therefore
to lower the symmetry in a systematic way, which isthe
purpose of representation theory. The study of
Shubnikov groups with therefore serve as an
Introduction to the more general methods to be described
In the remainder of the workshop.



‘Coloured’ groups

We have just seen that the magnetic space group { M} must
be a subgroup of { F} ®{ A} , and cannot contain (I|E’).
However, it can contain elements of the form (F|E’),
which will be called primed (F’). If it doesnot, it iscalled
atrivial (or colourless) group. Trivial groups can describe
magnetic structures. Groups of thetype { F} ®{ A} are
called gray or paramagnetic groups. All non-trivial
subgroups of { F} ®{ A} are called black and white groups.

The original concepts and terminology were devel oped by Heesch (1930) and
later by Belov and by Zamorzaev (~1955, including a complete list of the
magnetic SG). The original aim was purely mathematical or crystallographic
(study of coloured patterns on lattices, with A being colour inversion). The
application to magnetism is due to Landau & Lifshitz (1958). These concept
can be extended to multicoloured SG, which are also of some interest for
magnetism. Aleksel Vasil'evich Shubnikov was the founder and first director
of IC-RAS.



Colour vs. Spin

The analogy between colour and spin can be made by replacing
the meaning of E’ from time reversal to colour change.
However, colour and spin differ fundamentally in the way the
regular space group operators act upon them. Colours are
scalars, whereas spins are axial vectors.

It isimportant to remember that an axial vector isleft
Invariant by centering. Therefore, proper rotations act on
spins in the same way as on normal (polar) vectors, whereas for
mirror operations and centering there is an additional spin flip.

On top of this, priming any operator will entail and additional
spin flip.
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Primed Flips, Rotates,, s, |Flips, s, s, | Doesnot
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Constructive theorem

We will give here the ‘fundamental lemma’ to construct
magnetic groups. It will apply equally well to SG, PG or
lattices. Let { G} be acrystallographic group, { M} a
derived magnetic group (subgroup of { G} ®{ A} ) and
{Gy} the group of the elements of { G} that are
unprimed in { M} . It can be easily shown that
{G}={Gu} +p{Gy}
where p does not belong to { G,,} , which istherefore a

subgroup of index 2 in {G}.
This ssimply hasto do with the fact that the product of 2 primed elements
must be unprimed.

Follows {M} = {(Gy|B)} +p {(Gu|E)}

S0, the problem of finding all magnetic groups arising
from a crystallographic group { G} is reduced to that of
finding all subgroups of index 2 of {G}.



Example:. magnetic point groups

To apply this rule to magnetic point groups, one needs to
look no further that page 781 of the International Tables
(copied overleaf). Subgroups of index 2 are those that
have exactly half the number of elements of the original
group. Elements of the subgroup will be unprimed, all
the remaining elements being primed.

Example 1: mmm
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Fig. 10.3.2. Maximal subgroups and minimal supergroups of the three-dimensional crystallographic point groups. Solid lines indicate maximal
normal subgroups: double or triple solid lines mean that there are two or three maximal normal subgroups with the same symbol. Dashed lines
refer to sets of maximal conjugate subgroups. The group orders are given on the left. Full Hermann-Mauguin symbols are used.
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Example 2: 4/mmm




Admissible magnetic point groups

A point group is called admissible if all its operators |eave at
least one spin component invariant. Admissible MPG are
marked with an asterisk in OG, Tablel.

Aswe shall see,admissible point groups (AMPG) have two
very important applications.

* The site symmetry of a magnetic atom must be a AMPG.
e A Ferromagnetic MSP must have a AMPG asits MPG.

The second is anecessary but not sufficient condition for the
MSP to support FM. The other condition isthat its latticeisa
trivial magnetic lattice (see below).



TABLE 1

List oF THE MAGNETIC PoINT GROUPS

*6/m
622
6mm
6m?2
6/mmm

2'[m

*2:22
*m'm2'
mmm

4
3
4'Im
422
4'm'm
42'm

4/m'mm

3
*32’
*3Im’

3Im

6
m\

6 /m
6’22
6’'m'm
6'm’2
6/m'mm

m'3
432
43m’
m'3m

2/m’

*m'm'2
Pt

*m'm'm

4/m’
*42'2
*4Am'm’

42m’

4’ fmm’'m

6/m’
*6272’
*6m'm’

6'm2’

6’ fmm’'m

m3m

4’ /m’

*42'm’

4 /m'm’'m *4/mm'm’

05\3\

*6m'2’

6'/mmm  *6/mm'm’

m'3m

4/m'm'm’

6/m'm'm’



Examples of admissible PG

O &

1 1* (any direction)

42m 4'2'm 4 2m 42'm
Spin along z



Things to remark about the 42m example

Spin must be parallel to the 4-fold axis (always true except
for 2-fold axes). B

4 must be black. Infact, for spins, 4=4

If aspinisinaplane, that plane must be red.

If aspin is perpendicular to a 2-fold axis, that axis must be
red.

Note that the central 2-fold axisof 4’ or 4’ is always black.
Thisis because the product of two primed 45-degree
rotations is an unprimed 90-degree rotation.



TABLE IV

List oF THE ApmissiBLE. MacneTic Point GROUPS

Magnetic point groups

Admissible spin directions

m'm'm

22°2 .

2 2im m'm'l

4 3  4m 42
4m'm’ 42'm’ dlmm'm’

3 3 32 Im’ Im’
6 é 6/m 622

Gni'm’ om'2’ O/mm'm’

ny = 3
Any direction
n, = 2

Perpendicular to the axis

Any direction in the plane
= 1

Perpendicular to the plane

Perpendicular to the unprimed plane

Along the unprimed axis

Along the zxis

Along the axis of higher order

Along the axis of higher order
_ Along the axis of higher order

Alang the axis of higher order

Along the axis of higher order




Magnetic Bravais Lattices

The constructive theorem we have used to generate the
magnetic point groups, based on the identification of
subgroups of index 2, can be applied to generate magnetic
lattices{ T,,} from Bravais lattices{T}.

In general, agroup of lattice trand ations generated by a set of
primitive vectors a,, a,, a5 has exactly seven subgroups of index
2. However, they do not always generate independent MBL, as
some of them can be equivalent by interchange of the axes.
Also, we are only interested in MBL that belong to the same
holoedry of the original BL.

In fact, as we shall see in the remainder, MSG either share the same lattice
with the original SG (trivial ML) or the same point group (and therefore,
necessarily, the same holoedry).



2a, b, C a 2b, C a b, 2c

a, b+c, 2c 2a, b, atc 2a, at+b, c 2a, at+b, at+c



gid

Fic. 1. Magnetic lattices of the triclinic system.

P,.(P.) Pou(Py) P.(C)
C,.(C,) C.(F.)

Fic. 2. Magnetic lattices of the monoclinic system (the twofold axis has been chosen
as the y-axis).



Fic. 4. Magnetic lattices of the tetragonal system.
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FiG. 5. Magnetic lattices of the trigonal and hexagonal systems.



le(P)

Fic. 3. Magnetic lattices of the orthorhombic system.



1L,(P)

Fic. 6. Magnetic lattices of the cubic system,



Magnetic Space Groups

Once again, the constructive theorem, based on the
Identification of subgroups of index 2, can be applied to
generate magnetic lattices { F\,} from space groups{F}.

The method to generate all the MSG systematically is explained
In OG. Wewill limit ourselvesto use the International Tables
volume A. Inthere, for each SG, thereisalist of minimal non-
Isomor phic subgroups (Types |1, llaand I1b), and minimal
Isomor phic subgroups of lowest index (Typellc). Theindex is
Indicated in brackets (e.g., [2]).

Therefore, each subgroup listed as[2] will generate a non-
trivial magnetic spacegroup. Thereare 1421 of them in
total, 1191 of which are non-trivial. All SG except F23 and
P2,3 generate at least 1 non-trivial M SG.



1.

Rules to construct Magnetic Space Groups

|dentify the subgroups of typel. They share the same

lattice (trivial MBL) but have different PG, so they

correspond to all the subgroups of index [2] of the
associated PG (with multiplicity). For these, it is sufficient
to prime the generators that correspond to missing
operators.

|dentify all the other subgroups of index 2 (l1a, Ilb and llc,

no distinction). Then

o |dentify the MBL based on the supercell, and write its
symbol.

e For the Belov symbol (right column in OG), one simply
need to complete the H-M symbol with that of the
subgroup.

e For the OG symbol, the modified operators with respect
to the original symbol will be primed (e.g. m->n=m’)



TABLE III
List oF MacnNETIC SPAcE GrROUPS?

Triclinic systemn Pom Pon Py jm’
i Pcm C,m *Pim'
*py P, om’ P« P,2.m P.2,/m
T - Mv!N..:_ua___ P2, fc
Pal P re *C2fm
! *p,’
b Py P C2'im
PT Py Py *ONH.EH
_ - Pee C.c C2im i
Pyl P Crodim C,2jm
*Com Cp2im Pc2im
Monoclinic system OunN___%u.. C.2fc
2 *Cm' Cp2'im Pc2,im
*P2 Cyem Com Cp2lm’ Pi2fe
0_1__: .mun...aq ﬁ..___.HJ_uu.. ThMr..&
*p2' Cyom' Ce
Pu2 P2 Cpmt’ Pac tFale
Pu2 P2 *Ce P2'jc
P2 c2 s ;
, P2lc
Ful ke *Cc' *P2'ic
P2 Cpc Pec P,2le P2je
1l| 2im Pu2/c P,2fc
*P2; *P2im Pelle C2le
P2, P2, PyYfe P2y e
P2 [m
2 P2 ‘_.____, *P2,jc
o .._n».n-N__.?.nnﬁ
Po2im P2im P2ijec
ﬁ.u-N ﬁ.gN . ’
Cr2 Po2 Pp2lm P2Im Bw..n‘
Cp2’ Pe2, Pclim Ca2[m *Ple
m W&N;_a” Py2,jm Py2jc P,2,fc
P Po2im Pie vc2e
*P2.im
*Pm’ C2'[e
Pym Pom P2iim C2fc’

¢ Every page of Table III should be read first from the top to the bottom of the left-
hand double column, then from the top to the bottom of the middle double column,
and finally from the top to the bottom of the right-hand double column.



TABLE III (continued)

Monoclinic system

*C2fc

*C2' e’
Cplfe
Cp2'lc

»d_num ___.n
.vnuNt_mﬁ

Orthorhombic system

222
P22

*PYV2
P22
P22
Pr222
P,22'7

F222,

*pP22'2,

*P22' 2
Py222,
Pc222,
P,22'2,

P3,152

P72

*P2,2:2’
Po2,2:2
Pp2,207

F2,2,2,

*P2,2:2,
C222,

*C2'2'2,

*C22'2
Cp222,
Cp2'2'2,
Cp22'2,

P22
Ca222
F222

P222,

P222,
€222,
P.2.2.2

P.2,2,2
P22,2:2,

P QN_M_NH

HU\AN_M.*N

222

*C2'22

*C22°2
5,222
Cp222
C mNNN
;222
Cp2'272
Cp22'7
Cr2'22

F222
*Ey2'2

Fo222
Fo22'
222
*[2'2'2
1222
Ip2'2'2

12,2,2,

121212,
h.mmu MHNH
1p2]2,2,

mml

Pom?2

*Pm'm2'

.._.Tia_.a.m
Pyymml
P, ymm2
Peomuld
Pymm2
Prmm?
Pymm'2

C.222
P22
1222
Ce222,
Pr2.2,2
P22
2,22,

C4222
Ca222,

Pr222
ﬁ-ﬁMFNHN

P mMuNHNu
P22,

Panml
Pomml
Comm?2
Amm2
Fonm2
P.me2,

Pom'm'2
Pym'm'2
Pari'm'2

%N-

*Pn’c2y

“Prc'2,

*P'c'2,
P unaﬂ.‘.N_.
Pymcl,
Pemel,
Pome’2)
Pum'c'2,

Pec2

*Pele’

*Po'c'2
Pyacc?
Peee?
Puc'c?’

Pma2

*Pn'a2’
*.Mu_.aﬂnw“h
*Pm'a’2

Py ma2

Pomal

Pym'a2’
Pom'a?
Poma'?
Pym'a’2
Pyn'a’2

.mUﬂﬁNu

r r
*Pc'al,
*Pea'l,

P2
P.omal
Abml

Pomc2,
Pymecl,
Camecd,
B nauﬂmu
Fga,

P.ce2
L Sy ]
Pinc2

Pynag2
Pana2
Amal
P.ba?
FPa2,
P.mnl,
Pacl
Aba?




TABLE III (continued)

Orthorhombic system

Peal,

*Pc'a'2,
Pycal,
Puc'a’2,

Pnc2

*Pn'c2’
* P2’
*Py'c'2
Ponc?
.? uh.ﬂh...“-
maum
*Pm'n2;
*Pmn' 2,
*Pm'n'2,
H %ﬂ“u
Pym'n2,

Pba2

*Pb'a2’

*Pb'a’2
Pyba2
Pyb'a?’
P.ba2

.MJ_K«N_.

*Pr’a2y
*Pra’2}
*Pn'a’2,

Pnnl
*?ﬁﬂ”q
*Pn'n'2

Ppnnl

Pyea2,
Puna,

Panc2
P nnl

Pobal
P ngu_
Pnnl

Fdd2

ﬁ.ﬁﬁn;

*Cm'm2’

*Cm'm'2
Cyemtm?
Cpmm?2
Cymm?2
Cyom'm2’
Cyem'm'2
ﬁ.ﬁ__a_._&N‘
Cpm'm'2
Crm'm2’
Crm'm'2

Cmcl,

*Cm'c2y
*Cme'21
*Cm'e'2,
Cpmc2,
Cem'c2,
Cpme'2]
Cpm'c'2,
Cee2
*Cc'c2’
*Ce'c'2
Cpcel

Cpc’'c2’
Cpe'e’2

Amm?2

* Am'm2’

*Amm'2'

*Am'm'2
Ayt
Apmm2
Apmm2

Agmm’2’

ﬁ.-%

I.mm?2
C.ome2,
Cuec2
_TQH.EN
Pcbal
I.ma2

- Iba2

Peme2,
Pceal,

Pemn2,
Penal,

Pcree2
Pene2

A.mm
P gmm2
T.mm2

A,ma2

Apm'm2’
Apmm'2’
Apm'm'2
Am'm'2

Abm2

* 46 m2’'

*Abm'2

*45'm'2
Asbm?
Apbm2
Apbm
Apd'm'2
Apb'm2’
Apbm'2’
Apb'm'2
Af'm'2

Ama2

*Am'a2’

*Ama'2’

*Am'a’2
Apmal
Apm'a2’
Apma'?’
Apm'a’2

Aba2

*Ab'a2’

*Aba'2’

*Ab'a’2
Apbal
Apb'a?
Apba'2
Apb'a’2

Fmm2

*Fm'm'
*m..a:a..u

Ppmnl,
P mc2,
Pync?
I.ma2

Abm2
»ﬂwﬁﬁu
Brma2
Aba2
P baﬁm 1
Pgca2,
Pycc2
1.ba2

_Tka_nﬁu
Pnal,
P lﬂxﬂmn
P m2

P ba2
Pyecal,
Pgnal,
Pyncl




TABLE III (continued)

Crthorhombic systemn

Fmm?2

Femm2

Fymm?

Femm'2'
Fom'm'2
F m'm?
Fymm'2'
F hﬂn.ﬂﬂ.m

Fdd?

rEd'd2
*Fd d'2

)

*Im'm2’

*Im'm'2
Ipmm?2
Tpmm'2'
Ipm'm'2

a2

*1b' a2’

*b'a'2
Ipba2
Ipba'2’
Iph'a’2

Ima)d
*Im'al
*Ima'2'
*Im'a'2

Tpm'a2’

Ipma'2’
Ipmi'a’2

C mmd
Aemml
Cymecl,
Cacc2
Acbm?2
Acmal
Acha2

Pmmd
HEN.—
Pran2

Prec2
mﬂ.ﬁ..am.u
Prha2

Prmg2
Pmal,
Prne2,
Prne2

FPromm
P’ mm
*Pr'm'
Poi'm'm’
Py mmm
Pemmm
Proimm

Peem

Pc'em
Peem'
*Pe'c'm
*Pr'em'
Pc'c'm’
Pystem
Peeem
Poeem'
Poi't'm
Pyc'e'm'

P¥an
Pban'
*Ph'a'n
*gsgh

FoFor
an

Pomm
C mmm
Fmm
Pomma
Pem
Comma

Fddd

Pyem
Cetim
Pca
P.omng
Pban
C.eca

Py ban
Pybdan
Py ba'n

Pmma

Pm'ma
Pmm'q
Pmma’
*Pm'm'a
*Pmm'a’
*Pm'ma’
Pri'm'a’
Pymma
Py omma
P AMma
Pom'ma
Pyummea’
Pym'ma’
Poari'ma
Pyanm'a
Pym'm'a
Pmi'ina

Pnna

Pr'na
Prn'a
Pnna’
*Pr'n'a
*Prn'a’
*Pu'ng’
Pr'n'a

Phan
Pyring
Poann

Pmma
Comem
Fybem
Pommn
Pymng
Pham
Pobem
FPrea
Cymeq




TABLE IIT (continued)

Orthorhombic system

Pmna

*Pm'na'
Pm'n'a’'
Pymna
Pym'na
Pamna
Pymna

Peea

Pc'ea
Pec'a
Peca
*Pr'e'a
*Pec’a’
*Pe'ca’
Pc'c’a’
Pycea
Pyi'ta
Pycca’

’
Pycea

FPham

Pbam

*Ph'a'm

*Ph'am’
P¥a'm'
Pyham
P,b'am
P,bam

Peen

r
Pc'en

Poer
*Pe'e'n
P oy’

o
Pcen

Pymna
Phen

Pnnm
Ponna

Pueca
Pben
Pyeen
P.nna

Pham
Puyima
Poamm

Phem

Pt em
Pbc'm
Pbem'
*Ph'e'm
*Pbe'm’
* Py em’
P¥'c'm’
P, bem
Pobe'm
Pybem’
Pbc'm'

FPrinm

Pr'nm
Pnnm'
*Pn'n'm
*Pnn'm'

Pn'a'm’

Pm’mn

*P'm'n

*Pmt'n’
Pm'm'n'
Py .mmnt
P, m'mn
Pym'm'n

Phen

Phen
Phe'n
Phen'
*Bh'c'n
*Phe’n'
*Pb'cn’
Emﬁmﬂnn

P.bem
Poama
Pbca
Pyhen

Pmmn
Eonma
P.en

Phea

Pb'ca
*Ph'e'a
Phe'a

Pn'ma
Prm'a
Pnma’
*Pr'm'a
*Pnm'a'
*Pn'ma’
Pn'm’a’

Cmem

Cm'cm
Cme'm
Cmem
*Cm'c'm
*Cmc'm'
*Cm'em'
Cm'c'm’
Cpmem
Cpm'cm
ﬁ.ﬁuﬂn.aq
Cpmem
Cpm'c'm
Cpmec'm'
Cpm'cm’

L .

Cpmcm

Cmea

Cm'ca
Cmc'a
Cmea
*Cm'c'a
*Cme'a

Pobon
Prmmn
Pgpnma
Penma
Pennm
Pcben

Penna




TABLE III (continued)

Orthorhombic system

Cmca

*Cm'ca'
Cm'c’a’
Cpmca
Cpm'ca
C W%«h\h
Cpmca’
Cpm'c'a
C m..Ehsa\
C 130..& !

Cpm'c'a’

Crmmm

Cm'mm
Cmmm’
*Cm'm'm
*Cmm'm'
Cm'm'm’
Cyemmm
Cpmmm
Cmmm
Cym'm'm
Coomm'm’
Cpm'mm
Cpmmm'
Cpm'm'm
Cpmm'm’
Cpm'm'm’
Cym'mm
Cim'm'm
Ceem
Cc'em
Ceem’
*Cc'c'm
*Cec'm'

Ce'c'm’

.ﬁﬁ.@a&
hvn.nnh
Pcnma
Pcbem
Wﬁng
Pemna
P ﬁ&n&
.mun.m.n&

Commm
Pemmm
Immm
C.cem
C.mem
Pemma
Pcemmn
Pebam
Pemna
.muﬁ.?ua
Tonma
I.bam

Cpcem Peeem
Cpc'em Pcemna
Cpcem’ Pceen
Cpc'c'm Pcnnm
Cpec'm’ Penna
Cpc'c'm’ Pennn
Cmma

Cm'ma

Cmma’

*Cm'm'a

*Cmm'a'

Cm'm'a’

Cyomma Cmma
Cpmma Pceem
Cymma Lbam
Cy,om'ma C.nca
Coem'm’a C.cca
Cpm'ma Pececa
Cpmm’a Pemma
C 133&.. .mvﬁ.m.g
Cmm'a I.mma
Cim'm'a’ Ibca
Cecea

Cc'ca

Ceca’

*Cc'c’a

*Cec'a’

Cc'da

Cpcca Pcban
Cpc'ca Pcecca
Cpeca’ Pcben
Cpec'a’ Pcnna
Fmmm

Fm'mm

“Fm'm'm

Fm'm'm’
Femmm

F 05..3»3
Fcemmm'
F wa‘a:_.u:
Femm'm'

7
Fem'm'm’

Fddd

Fd'dd
*Fd'd'd
Fd'd'd
Immm
Im'mm
*Im'm'm
Im'm'm’
Ipmmm
Ipm'mm
Ipm'm'm
Ipm'm'm'’

Ibam

It am

Ibam'
*Ib'a’m
,*@n\s.ﬁ\

Iv'a'm'

T Nwhsa

Ipb'am

Ipbam'

I H@\nsi )

I H&_.aas\

L

Ipb'am

Ibea

I'ea
*IV'c'a

C ymmm
C Amcm
Cymma
Cccm
Cqmca
Cycca

- Pymmm

Prmmn
Pmnm
Pnn

Preem
P ﬁ@hw&
P Jjeen
Prbam
P uvn:
P hvg




TABLE III {continued)

Oythorhombic system

Ihca

IVe'da
Ipbca
i m.m,.___nn

Imma

——

- Im'ma
Imma’'

*Im'm'a

* ' a’
Im'm'a’
Ipmma
Ipm'm'a
Ipmm'a’
Tpm'ma’

Prbca
Preca

Prmma
Pma

Prnna
Pmma

Tetragonal system

4
P4

P4
Py
Ppa
P
P A

*P4,

P4,
Pp4,
«P4,

P4

Py
Ppd,
Priy
PuAy

PA
Pc4
14
Péy

Pedy

P4,
Pcdy
IA

Py

*Pd,

Ipd

*la,

145
Ip4,
Ipd4y

*P4

Py
Pl
Ppd
PA

*1a

Icy
Ipd

4/m

*Pdim

PA'lm
Pafm’
P4 [m'
P .qh:. m
Ppdim
Priim
P im
Ppdim’

Pedy

P
P,

P,
P,

Pd
Ped
14

P

Pdlm
Podim
IAfm
PAym
Prdin

*Plyfm

Payim
Payfm’
Paytm’
Ppd,[m
Ppd,f m'

*LE.W
P4’ In
P4in’
P4’ [n’
Pydin
P, A In

*Ph,in

Pain
P4,
Paiin’
Prdyin
*14fm

I¥ jm
Idfm'
14 {m’
Ipdim
Ipd' i
Ipdim
Ipd' im’
*[d.la

14 ta
HL.._;‘“M
i fa’
422
P4z2
P42’
*P42'2’

Pcdyim
Prdyfn

Pdin
PAyjn

Id/a

Priim
Prayim
FPyiin
Prdgin




TABLE I (continued)

Tetragonal systerm

Paz2

P4'2'2
PL422
Ppd22
P22
P, 422
Ppd'22'

P12,2

P42,
* P42’
P42:2
P22
Pod’2}2
P4,22
P42
*P4, 2"y
P4;2'2
Pp4,22
Pp4,22
P4,2.2

P4{2,2"
*P4,212°
P4;2:2

P4,22

Pa2Y
«P4,2'?"
P4272
Pods22
Ppd 22
Pi4,.22
P,A22’
Ppa2y’

PA22
Pc422
1422
Pay22
Pc42,2

PA2,2
PA2,2

Pc4,22
Pcd,2,2

P42

Pedy22
4,22
P22
Pcdg2,2

P4,2,2

P4;2.2
*P4,22'
P4.2:2
Pod,2,2
Pod2:2

P4,22

PapY

P42’y
P4;272
Ppdy22
Ppal22’

P42

P4.2,2
*P4, 2.2
P42

1422
422
*142'2'
422
Ipa22
Ip4'22’
Ipd2'?’
Iz4'2'2
14,22
14,2
*14,2'2
42’2
Ipd,22
Ipd}22’
Ip4,2'2
Ipa1272

P22
P22

Pcd,22
Pcds2,2

P22
Pr4,22
Ppa2,2
Pr4;2,2

Py4,22
Pr4,22
Pi4,2,2
Pi42.2

Pd'm'm
Pd'mm’
*Pdm'm'
P, Amm
Ppdmm
Prdmm
Pyd'm'm
PyA'mm’
Podm'm'
Ppd’ ' mm’
Prdm’'m’

Pdbm

P4'N'm
P4 'om’
*PAb'm’
Py A
P, A8 m
Pyd'bm’
P At '
Pdyem
Pdic'm
Pdjom’
*Pay'm'
Pphyem
Ppdzem’

Pid.nm

Pdin'm
Pdinm’
*P4n'm’
Prd nm
Prin'm'

Py
Podmm
TAmm
Pelyem
Pdme
P.dcc
Podbm
Tdem

Pdbm
Pdnm
PAa.be
PAne

Fedgme
Peod.be

T4 md
TAqed




TABLE I1I (continued)

Tetragonal system
Pdece

Pa'c’c
Pd'cc’
*Pdc’c’
Ppdcc Prdee
Ppd'ee’ Pcine
Pdne
Pa'n'c
Pd'ne'
*Pan'c’
Pdymne
Paym’c
P4 ime’
*P4.m'c'
Ppd mc
Ppdome’
Pésbe

Pclsem
H.-__nhwﬂﬂﬂ

Padd'c
Pabe’
'wgqﬁm
Tdmm
I m'm

14 mom'
*h? qah

1pdmm
Ipd'm'm
Ipd' mm’
Ipdm'm’
fdem

He'm

Pidmm
Pid,nm
P me
Prine

4 em’
*ldc'm'’
Tpdcm
Ipd'e'm
& cm’

Ie'm'
I mnd
14m'd

14 md’
*[a,m'd’

T4,cd

14c'd
I4;cd’
*J4.'d

42m

PA2m
P¥2'm
P2’

*Pdd m’
P,A2m
Ppd2m
Prd2m
P A2'm'
Ppd'2m’
P2’
P42
Pi'2'c
P2’

*P42'c’
Ppdlc
Ppd'2¢
Pa2m

PA'2\m

Pdbm
Prdyem
Prdsbe
Pidce

PA2m
Pedm2
I4m2
PA2
Pedb2
IAc2

Pedc2
Pedn2

PA"2,m’
+PAm’
P, 42,m

mu__wnmuu..__. Hﬂ‘

P42,c

P42 ¢

P3"2,¢
*Pa2c

Pdm?2

Pd'm'2
Pd'm2'
*Pdm'2’
Podm2
Ppdm2
Pidm?2
P, 4'm'2
Ppd'm2’
Pac2
Pi'e"2
P3'c2’
*Pc'2
Ppic2
Ppd'c2’

Pab2
PAb2
PA'b2
*PRy'2’
Py 4b2

PA2m

bﬂ-ﬂNNuﬂ

PAm2
Pcd2m
1.42m
Pdc2
Ped2m

Ped2e
.m.-.rﬁ....m” 1

PAb2

P d'v'2 PdAn2
Pin2

Pi'n'2

Pd'n2'
*Padn'2

Prin2 134




TABLE 11I (continued)

Tetragonal system

I4Am?2

I3'm'2
' m?
*[Am'2’
Ipdm2
Ipd'm'2

Pram2

Pidn2
Idel
42
I¥ e

*J14c'2
Ipdc2
1pac'?
182m

Prédc?
Pdb2

1d2'm
T4 2m'
132 m’
Ipd2m
IsA2'm
Ied2m’
1p42'm’

P42
.MUHNM..__E
P hmmh
P L__MM £
Id
13’24
1424
*42'd’

4/ mmm
P4 \mmm

Padim'mm
Pd fmm'm
P4’ jmmm’
Py {m'm'm
* PA{mm' m’

P4 [m' mm'

Piim'm'm’
Py Almmm -
Ppd{mmm
Pid|mmm
P4 lmm'm
P fmmm’
Py’ m
Ppd{m'mm
Ppd fimmm’
Ppd’ jm mm’

P fmm'm’

Pd[mer

Pajm'cc
P4’ Imc’c
P4 lmec’
P4 m'd'e
*Palme’c
P4 fmi'cc’
Patw'c'c’
FPpdimee
Ppdjmi'cc
Ppd fmec’
Ppa'im'cd

Pa[nbm

Pdin'bm
P4’ b’ m
PA' nbm’
P& ' m
* P4 {nb'm’
P4 [n'bw’
Pain'b'm’
P, A[nbm
P4 [nb'm
P.A [nbm'
P, Amb'm

Pannc

Pafn'ne

Pdimmm
Pcdfmmm
T A {mmm

P, mem

P, mme

PAmec

Pcd{nmm
Pcéjmbm
Prd{nbm

TAfmem

Prdfmee
Prdfnce
Pcdmne
Pcdlmnc

Palnbm
Py funm
PA;inbe
P.Alnnc

P4 inn'c
P4 jnnc’
P4 jn'n'c
*Pdfnn'e
P4 n'ne’
Pajn'n'e’

Pd{mbm

P4im'bm
P4 jmb'm
P4 [mbm’
P4 [m't'm
* PAjmb’ m’
P4 {m b’
Pajm'b'm’
P..4/mbm
P, 4 [mb'm
P A fmbm f
P, Almb'm’

Palmne

Pdim'ne
P4 tmn’c
P4 imnc’
P4 m'n'c
*Pdtmn' ¢’
P4 [m'nc’
Pajm'n'c’

Pa{nmm

Pijn'mm
P4 [nm'm
P4’ tnvon’
P4 {n'm'm
*Pdfnm'm’
P4 {0’ mm’
Pafn'm'm’'

Py nmm

P Almbm
PAyfmnm
Pd,fmbe
PdAlmne

P Alnmm




TABLE 11 (continued)

Tetragonal system

Pdinmm

P4 inm'm
Py’ frmms’
B Ainm'm'

Pdfnec

Pafn'ce
PA' inc'e
P4’ tnee’
PA'ta'e'c
*Pdfnc'c’
Pd' tn'ee’
Pdjn'c'e

P4, mme

Py fm' me
P4 jmm'c
Pa,jmme’
Paiim'm’e
*Plyfmm’e’
PAim’mc’
Pasfm'm'e
Ppd,fmme
Ppd,fm'me
Ppdytmm's
Ppdyfm'me
P4, fmem
Pd,fm'cm
P4 imc’'m
P fmem’
Pa;im'e’'m
*P4.fmc'm’
Pasim'em’
Pa,fm'c'm’
Ppd.lmem

oo inem
PAyjnme
PAfnce

Perd,fmcm
Peod,lnem
Prd,mnm
Ped,fnnm

Prd,tmme

Ppdyjm'em
Ppdiimem’
Ppdoim'cm’

Ped,inme

Prd,lmbc
Pod,inbe

Pdyjnbe

P4, in"be
Pd,inb’'c
P4 inbc’
Pa,in'b'c
“P4,inb's
Pasin'be’
Pa,in's’c’

P4, fnnm

PA,in' nm
PAifnn'm
P4 fwnm’
P4, in'n'm
*PAyfrn'm’
PA 1n'nm’
Pd,jn'n'm'
P, fnnm
Pl fnn'm’

1A lamd
1.4, lacd

P4, lmbe

Pa,[m'be
Pa,fmb’c
Pa;fmbc’
Payim'b'e
%P4, mb'c
P4 tm'be’
Pdjlm'b'c’

P4 fmriem

Pdyfm' um
Pdyimn'm
P4 tmnm’
P4 fm'n’'m

*Pd,fmn’m’
Paim'nm’

Paim'n'm’
P4 inme

Pa,in'mc
Péyinm'c
Pdgtnme’
Pain'm’e
*Pdyinm'c’
Pdfn'me’
Pajn'm'e’

Pdyinem

Pa, ' em
Pajinc'm
Pasinem’
Pa ln'e’'m
*Phyjnc'm’
Pain'em’
P4, in'c'm’

I fmmm

I&[m’ mm

§ 7 ——
14 fmmnt’
I i ' m

*Id{mm'm’
14 fm" mm’
Hjm'm'm’
Ipd/mmm
Tpdim' mm
Ied' fmm'm
Ipd' fmmm’
Tpd jm'm'm
Ipdimm'm'
Ipd' jot' mman’
Tpdim'm'm’

Prdimmin
P 1.___._:.53
P, fmnm
Py jmme
Py innm
Prdimne

Prdylnmec
Prdtane




TABLE 111 (continued)

Tetragonal system Trigonal system P32
7 k]
-|h~5=en_= * 3 *p3.2')
Fy3,21 3,21
Hh_ﬁuq..nu.u P.3 P13
2 F
14 frc’ m . 3,12
14’ jmem’ *P3, ‘
Y *P12
4 fm'e'm
et P.3, P3, Po3,12 P3,12
.Hh.___.uﬂ___hu.a‘ *bﬂmu bu_.wum—
Him'e'm’
. Ipdftmem P imee P2, P.3, *P3.2'1
Ipdfm'cem Prlnce P.3,21 P32
Ip¥ {mc'm  Priyjmbe *R3 32
Ipd' fmem’ Pidoimem phintel
Ipd'im'e’'m  Ppdginbe Rg3 *R3Y'
Ipdtme'm' P4 {mbm 3 R-32
Ied' pr'em’  Pyjnem «p3 ®
Ipdfm'c'i’  Prdinbm 3m
FY Pimi
14, jamd P,J3 P3
- *Pim’
I, ja"md Py3ml P3ml
Mjjam’'d . RY Py3m'l Pgcl
£ £ —
1%,/amd Rg3 P3lm
4l fa'm’'d
* J4,fam'd’ 32
ran P312 "3l
I} ja"md s Pu31m P3lm
4, fa"m'd’ :
: Paly Py 3im P3le
H&haﬁﬁm .m...-m...U—M wnm—N Hl.-wﬂ—
7321
.. *ﬁ 3
Hala'ed | 3
Hifac'd *P32'} P31c
M, facd ’ P..321 P.321
* Ao *wm— !
Mla'cd P3,12 ¢
*I4,fac’d’ - Rim .
4 ja'ed’ *P3,12
I fa'e'd Py3,12 P.3;12 *Rim'




TABLE III {continued)

Trigonal system

Rlm

Rglm
Rpdm’

Rie
*Rie

Im
Plm

P3'1m
P 1’
*Pim'
P, Alm
P 31m’

Plle

P3¢
P
+P31c
P3ml
P¥m]
Py’
*Pim’ |-
P, 3ml
.1mawﬁuﬂ.__u.

Picl

Pyl

P31
*Pic'l

Rim

R¥m
Ri'm’
*Rm'

Rilc

P3im
Pe

B3ml
PJ3cl

.thwua
Rg3m'’ Rile

R3¢
R¥'¢
R
*Rid'
Hexagonal systern

6
*P6

Hu.,m___
Pyb P&
.muuhﬁh .Tﬂmm.

*P6,

Po,
*Pbs

Po

*gu

P6,
.Tu.nm_ 2 .mu_nmp
P,6} P.5,

*Hum_m

PE6;
Pg.6, Py
.w.....nnmm m”-u&-_

*PG,

Pyb P.6

Gfm

*Paim

Po'[m

Psim’

P6'{m'

P,.6{m P&im
P36 jm P, im

*Phaim

Pt im
hu_ﬂu_‘...ﬁ..
P6.fm’

622

PoR

P6'2"2
Pe'22"
*p62'2’
P, 622 P.622
P,.622 P.6,22

Po,22

P62"2
Pel22’
+Pg,2'2

Po6g22

P6;2"2
P62
*P6,2'2

P6,22

P6,2°2

P62y
*Pg,2' 2’

P,.6:22 P.6,22
P,.6.22 P6,22




TABLE III (continued})

Hexagonal system

P6,22

P22
Pag22
*P6,2'2"
Pyc5y22
P 622

P.6,22
P.6,22

Pog22

P62'2

P6;22°

*pp,2' 2’
Hmm

Pomm

P6'm'm

P6'mm’
* wm -.‘a-.

Hm2
Pom2

P&'m'2
Pe'm2’
*Pém'2’
P..6m2
P, 6'm'2

Poel

P6'c’2
P6'cY
*.mum......__N._.

P62m

P6'2'm
P& 2m’
*P62'm’
P,.62m
P, 6" 2m

P6m2

P.6c2

P&2m
P62c

P bmm
P, 6'm'm
Py 6 mm'

Py omi'm’

Peee

Pt'c’c
Po'ec’
*Pée'c’

.ﬁ@mha

Péc'm
Péem’
*.ﬁmﬁﬁ.u m !

.ﬁﬁmaﬁ

Pomm
P.bycm
P Gymce
P.bee

P62¢

P6'2c

P2

*P6a2'c’
6/ mmm

Pommm

Poim'mm
Pt fmm'm
P6' [mmm’
P& fm'm’m
P& [m' mm’
*P6imm' m’
P6jm'm'm’

Pégm'c
r ’

Pbgmc
*Phymt' ¢’

P, .6/mmm
P& fmm'm
P, immm'

Py 6imm'm'

P.6lmmm
P6gfmem
PGy mme
P6fmec

Péimee

Péim'ee
P6'imc'e
P& fmee’
P& {m'c’'c
P& jm'cc’
*Péime'c
Pejm'c'e’

Poy{mem

Pégjm’ cm
P& mc’m
P6gjmem’
Poyim'c'm
Poyim'em’
*Phafmc’m’
Poyfm'c'm’
.ﬁ_mu___auﬂuﬁ
Pbajm'me
Péyjmm’e
Pbglmmne’
Po,im'm'c
Po fm'me’
*Poyfmm'c’
Pogim'm'e’
Cubic system
23
P23
Pg23 F.23

23
I23

Ip23 P23




TABLE III (comtinued)

Cubic system

P2,3

12,3

Ip2,3
m3

Pm3

Pm'3
Prm}

Pnl

Pn'3
._Tm.xw

Fm3

Fm'3}
@
Fd'3
Im3
Im'3

Ipm3
Ipm'3

Pal

Pa"3
Ial
Ia'3
Ipal
432
Pa32

P43
Prd32

Pr2,3

Foml

Fd}

Prm3
P

Pial

FA32

P4,32

P42’
Prd,32

F432
F4'32

F4,32

F4.32’

I432

14’32
fpd32
Ipd'32

P42

P432

P4,32

P4;32

14,32

.E.Um,
Ipd 32
Ip4!32
4im

Pd3m
»U_Nawuuu..
Prdim
Prd3m’
F43m

Fd'im'

Fa,32

Pra3i2
FPrd;32

Pra,32
th.&‘uum

o

14'3m’
Ipdim
Ipd"3m’

Pa3n

P4"3n’

Fd3e

F4'3’
13d

'3q’
mIm

Priim

Pm'3m
Pm3m’
Pw'3m’
Prmim
Prm3m’

Pnin

Pr'3n
Py’
Pr'3n’

Pmin

Pm'3n
Pmin'
P’ '

Pnlm
Pr'im

Pn3m’
Pn'"3m’

Pidim
Pyd3n

Fomim
Fomic




TABLE III (continued)

Cubic system

Prim

Penim
Pen3m’

Fm3m

Fm'3m
Fmdm’
Fm'im'

Fnle

—————

Fm'3c

FA3im
F.dic

Fm3c’
Fm'3y

Fdim

EE—

Fd'dm
Fdim’
Fd'3m'

Fdie

Fd'e
Fdie'
Fd'a'

Imdm

Im'm
Imdm’
b3’
Tem3m
Ipm'3m
Ipmim’
Ipm'3m'

lald

12’38
Tadd’
Ia'3d’

Ppmim
Pmim
Prnin
Pmin




Rules to construct invariant spin arrangements

Define a magnetic space group generated by the SG of the
crystal structure.

|dentify the magnetic site, and define its magnetic point
symmetry. A graphic representation of the MG is useful.
Check that the site MPG isadmissible for at |east one spin
component. Otherwise, the MSG does not support any
magnetic structure on that site.

Pick one admissible component, and apply in turn all the
MSG operators on that component, propagating it to all
equivalent sites.



Rules to determine the MSG from a given structure

Check that the magnetic structure /°is Shubnikov-compatible.
Thisis easily done by applying the operators of the crystal
space group { F} upon 7°(including lattice doublings). I"is
Shubnikov-compatible if and only if, the structure is either
Invariant (x 1) or reversed (x -1) for each and every F in {F}.
Prime all the operatorsin {F} for which /" isreversed, and
Identify the new primitive trandations. This completes the
Process.



Shubnikov groups and representations

To make alink with the more powerful representation analysis,
we can simply think of how a magnetic structure 7, which is
Invariant under a particular magnetic groups{ F,,}, will transform
under the ‘parent’ space group {F}. Itisapparent that 7"will be
Invariant (X 1) under the operators which are unprimed in { F,},
whereas all the spinswill be switched (x —1) for the operators
that are primed in {F,,}. In other words, the set of numbers 1 or
—1 isarepresentation of { F} onto the linear space generated by
I'. We can easily prove that the reverse is also true.

We can conclude the Shubnikov groups are equivalent to 1-dimensional real
representations of { F}, with the invariant 7°s being their basis sets. In
generdl, if we relax the requirement for invariance of the crystal structure,
there is no reason to prefer these to all the (infinite) others, whence the need
for extending the analysis to the full expansion in irreducible representations.



Pnma
P2/n2/m2/a

Irrep | Shubn. {1 {2_00z {2_0yo {2_x00 {-1 {m_xy0 {m_x0z {m_Oyz
|000} | |0v) |0%:0} |YoYsY5} |000} | |%40v5) |0%:0} |YoYsY5}

I, Pnma 1 1 1 1 1 1 1 1

I, Pn'm’'a 1 1 1 1 -1 -1 -1 -1

I, Pn'm’a 1 1 -1 -1 1 1 -1 -1

I, Pnma’ 1 1 -1 -1 -1 -1 1 1

I Pn’'ma’ 1 -1 1 -1 1 -1 1 -1

I Pnm’a 1 -1 1 -1 -1 1 -1 1

I, Pnm’a’ 1 -1 -1 1 1 -1 -1 1

Iy Pn’ma 1 -1 -1 1 -1 1 1 -1




P422 4

No. 89 P422
SRS
WVt ‘ <
N /
W 4 Ng
o G W

N 7N YN

Origin at 422
Asymmetric unit 0<x<4;, 0<y<i; 0<z<Hd

Symmetry operations

(1 (2 2 00,z (3) 4* 00,z
(5) 2 0,y,0 (6) 2 x,0,0 M2 xx0

422 Tetragonal

Patterson symmetry P4/mmm

00 00
+Q O- +Q O-
-0 [ O 0 ] o
Q|0 Qo
olo oll®
0 o | o] o
-O O+ -O O+
00 00
4 4 0,0,z
8 2 x,%0

352



CONTINUED No. 89

Generators selected (1); ¢(1,0,0); ¢(0,1,0); 1(0,0,1); (2); (3); 3)

Positions

Multiplicity, Coordinates
Wyckoff letter,
Site symmetry

8 p 1 (Dxyz 7z Q)jxz @ykz
) £,y.2 ) x,7,Z M y.x,2 ® 7,%.2

4 o .2 x40 £40 4x0 4,%0

4 n .2 x0,4 x04% O0Ox,4 0,53

4 m .2. x44 b4 bxt x4

4 1 .2 x,0,0 x00 0,x,0 0,x0

4 Lk ..2 x,x,4 £E+ x4 x%3

4 j ..2 xx,0 x%0 xx,0 x%0

4 i 2. 0,4,z 4,0,z 04,2 14,0,z

2 h 4. hiz 442

2 g 4.. 0,0,z 0,0,z

2 f 222. 4,04 0,44

2 e 222. 4,00 04,0

1 d 422 4,14

1 ¢ 422 $,4,0

I b 422 0,0,4

1 a 422 0,0,0

Symmetry of special projections

Along [001] pdmm Along [100] p2mm

a’=a  b'=b a=b b'=c

Origin at 0,0,z Origin at x,0,0

Maximal non-isomorphic subgroups

I [2]P411(P4) 1;2;3;4
(21P221(P222) 1;2;5;6
[2]P212(C222) 1;2:7;8

IIa none

P422

Reflection conditions

General:
no conditions

Special:

no extra conditions
no extra conditions
no extra conditions
no extra conditions
no extra conditions
no extra conditions
hkl : h+k=2n

no extra conditions
no extra conditions
hkl . h+k=2n

hkl : h+k=2n

no extra conditions
no extra conditions
no extra conditions

no extra conditions

Along [110] p2mm
a'=}(-a+b) b'=c
Origin at x,x,0

IIb [2]P4,22(c'=2¢);[2]C422,(a'=2a,b’'=2b)(P4 2,2);[21F422(a’=2a,b'=2b,c'=2c)(1422)

Maximal isomorphic subgroups of lowest index
e [2]P422(c'=2¢c);[2)C422(a’=2a,b'=2b)(P422)

Minimal non-isomorphic supergroups
I [21P4/mmm;[2]P4/mcc;[2]1P4/nbm;[2)P4/nnc;(3]P432
II (211422
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P422 (No 89)

SEICIEN Y
—& . & —
i ® N
AN 2
/. .\
‘\’ : ’/'
¥

Special position: 40[.2.] X, %, 0



P42’ 2

— & . Y —
e @ h¥
AN 2
Y . .\
'\’ : ’/'
v

Special position: 40[.2.] X, %, 0



P42’ 2

' = pY
AN a
Al e p
AN =0 /
— & ) —

Special position: 40[.2.] X, %, 0



P422 —7?

—& . —
' Q=) M
AN I I A
— & —
/. .\
AN = /
— & . o —

SETINAS

Special position: 40[.2.] X, %, 0



Special position: 40[.2.] X, %, 0



C22'2

oo S

AN

AN

e

Special position: 40[.2.] X, %, 0



P.422




P.422
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Pnma 2h
No. 62 P2,/n2/m2/a
phi2
» I I
] ml.l I.I.l.l - ....‘
”‘_n - A_u ) n_v —_—
S _ _
‘I.l l.lwl.l - I‘
_ _
- O 0 —w
It It
PLLL
5 qm w» qw
........ 0’
le
I o O —w
Zm_lm -
........ ”
-— O _ O Q —
I li 0
Origin at T on 12,1
Asymmetric unit 0<x<}; 0<y<i; 0<z<I1

Symmetry operations

(1)1
() 1 0,00

2) 2(0,0,3) 4,0,z
6) a x,y,4

M m x4,z

288

(3) 2(0,4,0) 0,y,0

mmm Orthorhombic

Patterson symmetry Pmmm

phldy
TR
01“110|J_1|Jo
— *!!+ ......... +ii‘ _
~iE | |
el T N A
a, | |
- _un.n. ......... 4.1..‘ _
gty
It I4
-© o- -©
O+ +® O+
1O O 1O
OFFO oF
-© Oo- -G
O+ +@® O+
4 2(4,0,0) x,%.4
(8) n(0,4,%) i,y.z



CONTINUED No. 62

Generators selected (1); ¢(1,0,0); ¢(0,1,0); ¢(0,0,1); ); 3); (5)

Positions

Multiplicity, "~ Coordinates
Wyckoff letter,
Site symmetry

8§ d 1 (Dx,

2 @ EHLTaHE () Ey+hI @) x+1g+hae
o) £.5.2 (6) x+4,y,7+4 (7) x,5+4,2

(8) X+1,y+4,z+4

4 ¢ .m. xiz E+iitz+d £,34,7 x+4,4,7+%
4 b 1 0,0,4 4,00 0,44 44,0
4 a 1| 0,00 40,4 0,40 4,44

Symmetry of special projections

Along [001] p2gm Along [100] c¢2mm
a'=1ia b'=b a'=b b'=c
Origin at 0,0,z . Origin at x,i,}

Maximal non-isomorphic subgroups

I [21P2,2,2, 1;2;3;
[21P112,/a(P2)/c) 1
(21P12)/m1(P2,/m) 1
[2]P2)/n11(P2)/¢) 1;
(2]1Pnm2,(Pmn2,) 1
[21Pn2,a(Pna2,) 1
[2IP2ima(Pmc2,) 1

IIa none

IIb none

Maximal isomorphic subgroups of lowest index
Hc [3]Pnma(a’=3a);[3]Pnma(b'=3b);[31Pnma(c’'=3c)

Minimal non-isomorphic supergroups
I none

Pnma

Reflection conditions

General:

Okl : k+1=2n
hkO: h=2n
h00: h=2n
0k0: k=2n
00l: l=2n

Special: as above, plus
no extra conditions

hkl : h+1 ,k=2n

hkl: h+1,k=2n

Along [010] p2gg
a=c b=a
Origin at 0,y,0

11 (2JAmma(Cmem);[21Bbmm(Cmcm);[2]Ccm b(Cmca);[21Imma;[2]Pnmm2a’= a)(Pmmn);

[2]1Pcma(2b’= b)(Pbam);(2]Pbma(2c'= ¢)(Pbcm)

289



Pnma (Pbnm) o

¢ S
el R .
“76 | ; | o
L
[ u
I TS
SR R R
n u o
9 I s | o
a !
? S
Special position: 4b[1] 0,0, ¥2 .
y=0

y="72



Pnma (Pbnm) ? !
GXI S, II S,
: - . |
DAY !
| | @ @
¢ v 6 1§ C® s 99 s
- : . : — . .
T A - -
q :
Az-o S, =0 &= g
Special position: 4b[1] 0,0, ¥2 — o
y=0 y= 2



Phma (Pb'n’'m’)

% by
ra:e:a"
ol
bt

a

Special position: 4b[1] 0,0, ¥2

@ @
=Y @ =Y
@ @
@ @
5  °¢ 5
@ @
@ @
S, ?Q S,
@ @
y=0 y= Y%




Pnma(Pbn'm’) ? ?
CXI S, 11 S,
[ Ty ! !
IR Y N A
T o —

a
Fz-o S, =00 S,
Special position: 4b[1] 0,0, %2 — —
y=0 y= 2




Pnma (Pb’ n"m) ?
Yposoqd s
3 T% r% C )|
PR !
| I @ @
y 1§ Y F°® s ¢¢ 5
| | y
a : . _E__, . .
y I ’ L y o —o
g : :
qu—. Sz =Q O= Sz
Special position: 4b[1] 0,0, ¥2 o— —
y=0 y= 2



Pnma (Pb’'nm’)

7 ?
|:X
SR T O
L Ty ! !
S £
g L g ) y o oms
a
C,¢ s =99 5
Special position: 4b[1] 0,0, %2 o— o—
y=0 y= 72




Pnma’ (Pb’nm)

fr
R
a

Special position: 4b[1] 0,0, ¥2

@ @
=Y @ =Y
@ @
@ @
5 09 5
@ @
@ @
S, ?Q S,
@ @
y=0 y= Y%




Pnm'a (Pbnm’) o

°© s
: I .
o e :
y i § i j ¢ 5
1 .

a 4 4
? S
Special position: 4b[1] 0,0, %2 .
y=0

y="72



Pn’ma (Pbn’m)

BRI
SRR
a

Special position: 4b[1] 0,0, ¥2

o o
S ¢ @ S
o o
o o
Y T? 3
o o
o o
S, ? 9 S,
o o

y=0 y="Y2



Magnetic Refinementsin GSAS
Paolo G. Radadlli



GSAS magnetic options

The approach of GSAS to magnetic structures is loosely
based on Shubnikov groups.

However, for each space group, not all Shubnicov groups
generated from it are possible. The only possible ones are
those corresponding to subgroups of index 2 of types | and
lla. In other words, the conventional unit cell must bein
common between the parent group and the subgroup.

In GSAS there is a straight implementation of the OG
formalism, where ‘primed’ operators (or lattices) correspond
to ‘red’ operators.

Alternatively, one can always generate an additional magnetic
phase with appropriate constraints.




GSAS magnetic entries

Phase: in the “phase” menu (keystrokes k-p-p), one has the
option of selecting (m) whether the phase is nuclear, nuclear
and magnetic or purely magnetic (a,b, e, respectively).

Form factor: in the form factor editing menu (k-p-f) thereis
an option (m) to edit magnetic form factors. One can use the
default values (warning! They are different for different
oxidation states) or input user values (see ITC, volume C).
Atoms:. inthe atom editing menu (k--a) there is an option (m)
to assign magnetic moments to individual atoms. Within that
menu, there is an option (8) to ‘prime’ the group generators.
GSAS automatically determines if the magnetic point group
of the site iIsadmissible, and, if so, for which spin directions.
One can change colours with the g option. Once out of the s
menu, one can change the spin components with the m option.




CAF(A)  FM(c) FM(ab) AFM(A)  AFM(G)

Nt A T /

| | | I\ N\ R
0.00 030 032 034 0.40 0.50 1.00

Mn*3 X iN L&y 5, Sry.0MN,0, M4




17
I4/mmm 4h 4mmm Tetragonal
No. 139 I A.\ m N\ m M\ m Patterson symmetry I4/mmm
X & &0
N @ B @ -0
4N o [ @ 1 0] 0
— Y = Sl %
A e L@ | Ok
26N For, | ok
4:4 N\ + | + + | +
. % e  §F ok
‘AVO i +®- -+ +D- -O+
\\«// +D- o -+ +@D- o -+
{0 =X X
Origin at centre (4/mmm) :
Asymmetric unit  0<x<4; 0<y<4; 0<z<4y; x<y :
Symmetry operations
For (0,0,0)+ set
(n1 2) 2 0,0,z 3) 4+ 0,0,z 4) 4 0,0,z
(5) 2 0,y,0 ©) 2 x,0,0 (7 2 x,x, o ®) 2 x,50
®1 0,00 (10) m x,y,0 an &+ ob.N, 0,0,0 (12) 4 0,0,z; 0,0,0
(13) m x,0,z (14) m 0,y,z 5y m x,%,z (16) m x,x,z
For (4,4,H)+ set
ORIER X)) (2) 2(0,0,1) 1,4,z (3) 4*(0,0,4) 0,4,7 (4) 4(0,0,1) 4,0,z
(5) 200,4,0) 4,y,4 (6) 2(,0,0) x,i,4 (7 2(4,4,0) x,x, (8) 2 x,x+4,4
O 1 1,44 (10) n(4,4,0) x,y,4 (11) 4+ 4,0,z; 4,0,4 (12) 4 0 4.2, 0, rw
(13) n(3,0,1) (14) n(0,4,h) i,y,z (15) ¢ x+4,%,2 (16) n(4,4,4) «x
Maximal non-isomorphic subgroups (continued)
IIa [2]P4/mmm 152;3;4;5,6;7,8;9;10;11;12; 13; 14; 15; 16
[21P4/nnc 1,2;3;4,5,6;7 .Ao, _o,:,_u,_u, 14;15; 16)+(4,4,%)
[2]P4/mnc 1;2;3;4;9;10; _. 12;(5;6;7; 8; 13; 14, 15; 16)+(3, 4,4) 5
[2]P4/nmm 1,2;3;4;13; 1 A 15; 16; (5; @ .\. 8,9;10; 11; 12)+(4,4,4) :
[2]1P4,/nnm 1,2;5;6;11;12;15; 16;(3;4;7; 8; 9; ~o,_u,_£;+$,w.$
[21P4,/nmc 1,2;7;,8;11; 12, 13; 14, (3; 4; S; 6;9;10; 15;16)+(4,4,1)
[21P4,/mmc 1:2;5;6;9; 10; 13; _A.Q 4,7;8;11;12; 15; 16) +(4,4,9)
[2]1P4;/mnm 1;2;7;8;9; 10; 15; 16; (3;4; 5;6; 11; 12; 13; 14)+(4,4,H
IIb none

Maximal isomorphic subgroups of lowest index

Ilc

BHU4/mmm(c'=3¢); (9] 4/mmm(a’= 3a,b’= 3b)

Minimal non-isomorphic supergroups

1 (31Fm3m;(3)Im3m
I

[21C4/mmmQ2c'= c)(P4/mmm)

468



LCONTINUED No. 139

Generators selected (1); 1(1,0,0); 1(0,1.0); 10,0, r(hid; (5 O
7.
”,.%cmmne:m
Multiplicity, Coordinates
iiv.nwon letter,
0,0,00+ (4,4, H+
(1) x,y,z (2) £,7.2 (3) 7.x.z 4) y,%,z
: ) %,y,2 6 x,5,2 M y.xZ 8) 7,%.2
: 9 %53z (0)xyz (ADyxz  (12) 7.x,2
: 13 x5,z (A9 xy,z (15 5.5z  (16) y,x,z
6 n .m 0,y,z 03z §0,z 0,z
_N 0,y 0,552 02z 70,2
, 16 m m x,x,z XXz Xxz x,%Xz
_ xxz x%IZ xxI £xXZ
6 1 m. 3.0 E5.0 550  y50
£y,0 x50 yx,0 7,%0
16 k ..2 x,x+4,b xE+bt 0 I+dxt x+i R4
£,x+4,4 xx+d,i 0 x+4,%,1 0 f+ixd
8 j m2m. x,30 %40 4x,0 4,%0
8 i m2m. x,00 x0,0 0,x,0 0,0
8 h m.2m x,x,0 x%£%0 %£x,0 x,%0
8 g 2mm. 0,4,z 4,0,z 04,7 10,2
8 f ..2Im L4 Lt bt L
4 e 4mm 0,0,z 0,0,z
4 d dm2 0,4,4 1,04
4 ¢ mmm. 0,40 14,00
2 b 4/mmm 0,04
2 a 4/mmm 0,00
Symmetry of special projections
Along [001] p4mm Along [100] c2mm
a’'={(a-b) b'=4(a+b) a'=b b'=c

Origin at 0,0,z Origin at x,0,0

Maximal non-isomorphic subgroups

 { [211422 (1;2;3;4,5;6,7;8)+
[21I4/m11(14/m) (1;2;3;4,9;,10; 11; 12)+
(21[4mm (1;2;3;4;13;14; 15; 16) +
MN:mNS (1;2;5;6;11;12;15;16)+
[214m 2 (1;2;7;8; 11;12; 13; 14) +
RU2/m2Im1(Immm) (1,2;5;6;9;10;13; 14)+
RU2/m12/m(Fmmm) (1,2;7;8;9;10;15;16)+

(Continued on preceding page)
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l14/mmm

) O

Reflection conditions

General:

hkl : h+k+1=2n

hkQ: h+k=2n

Okl: k+1=2n

hhl: 1 =2n
00l:1=2n

h00: h=2n

Special: as above, plus

no extra conditions
no extra conditions
no extra conditions
hkl : 1 =2n

no extra conditions
no extra conditions
no extra conditions
hkl : 1 =2n

hkl : k,1=2n

no extra conditions
hkl
hkl

l=2n
| =2n
no extra conditions

no extra conditions

Along [110]
a'=1i(-a+b)
Origin at x,x,0

p2mm
b'=1ic



Notes on the Layered Manganite example

The manganite siteis 4e [4mm]. Of the magnetic subgroups
of [4mm], the only admissible oneis4m’' m’. Consequently,
the only possible magnetic space groups are “14/mm’' m’
l4/m'm'm’, |.4/mm'm’ and | 4/m’m'm’. Note that the first
one is aferromagnetic group.

An immediate conseguence of the site symmetry of the Mn
site is that the spin has to be directed along the 4-fold axis.
There are therefore only 4 magnetic structures generated with
the Shubnikov approach. The layers are always FM, with the
Intra- and inter-bilayer coupling being FM or AFM.

Note the significant number of magnetic structures which are
observed, but cannot be generated with the Shubnikov
approach.



Magnetic refinements - multi-phase approach

Should the Shubnikov approach be insufficient to describe the
magnetic structure, one can resort to introducing a second purely
magnetic phase with appropriate constraints but lower symmetry
This enables one to deal with any kind of commensurate
structure, including the representation analysis. Here are afew
tips:

1. If the magnetic phase has the same conventional cell asthe nuclear one,
the lattice and phase fraction constraints are straightforward.

2. If the magnetic cell islarger than the nuclear one, one has to remember
that the phase fraction is proportional to the number of unit cellsin the
sample. So, if the the volume of the MP is doubled, its phase fraction
must be halved.

3. One can also set constraints on the lattice when the two cells are different.
However, remember that the constraints are on the reciprocal metric
tensor, not on lattice parameters. Consult a crystallography book to see
how they are related for the various lattices.




Shubnikov Groups.
a GSAS application




Magnetic powder diffraction and instrumentation
Paolo G. Radadlli



Spin Density

Unit-Cell Spin Density (localised and 1sotropic approx.):

n atoms n atoms

M. (r) = ij’uiqur_ri‘) Mu(k): Z:mjﬂjfj(k)e_ik’rj
j=1 i

|attice Spin Density (ssimple trand ational symmetry):

n atoms

M(r):ZMu(r —rn) M(k): 25(K_k) Zr’h“uj .I:j(k)e—ik-rj

| attice Spin Dengity (1-dimensional modulation):

n atoms (=

M) =P, 1M (=r,) Bik)= X ol-tt—k) Y (At 00e™

where P(x)= S ae* hasaperiodicity of 1.

| =—oo



Magnetic Scattering of Neutrons

Neutrons are strongly scattered from magnetic moments.
The scattering amplitude from an ion is of the order of

YL, Where:

Y = —-1.91 Neutron magnetic moment
In nuclear magnetons (pin +
orbital).

r,= 0.282 -1012cm  Electron classcal radius (e2/m.c?)
L = ion magnetic moment in Bohr magnetons.

For comparison, typical nuclear scattering amplitudes for
neutrons are of the order of 0.5-1.0 -10-12 cm.



Magnetic Scattering of Neutrons- I

Let’srecall the formulafor the lattice spin density and its
Fourier transform:

n atoms

M(r)=>M,(-r,) MKk)=Y dk-k) S i f (e

The Fourier transform M (k) is called magnetic structure
factor. Unlike the nuclear structure factor, it isan axial
vector quantity, and it has to be combined with the other
vector quantity in the problem in order to obtain the
cross section, which isa scalar. The other vector
guantities are the momentum transfer k (a conventional
vector) and the neutron spin s, (an axial vector).




The Magnetic Form Factor

o
1.00 [

afm()e drig)

<qj v )dr3q> over asingleatom

In the Isotropic case:

f(k)=

0.40 +

0.20 -

f(k) = f(k):<j0(k)>+(1— 29)<12(k)> S

(sin 8)/A (A™)

1.5

Fig. 6.1.2.2. Comparison of 3d, 4d, 4f, and 5f form factors. The 3¢
form factor is for Co, and the 4d for Rh, both calculated fron
wavefunctions given by Clementi & Roetti (1974). The 4f form
factor is for Gd®>* calculated by Freeman & Desclaux (1972) anc
the 5f is that for U** given by Desclaux & Freeman (1978).

From: International Tables of Crystalography, Volume C, ed. by AJC Wilson, Kluwer Ac. Pub., 1998, p. 513



Scattering of Neutrons from MS

It isuseful to introduce the quantity Q(k), known as
magnetic 1 nteraction vector, and defined as:

Q(k) =k xM (k)xKk

Q(k) isthe projection of the magnetic structure factor upon
the plane perpendicular to the momentum transfer k.
Magnetic neutron scattering cross sectionsonly contain
Q(k). Inother words, scattering of neutrons through k is
only determined by the components of the magnetic
moments L to k. Note that Q(k) can be complex.




Magnetic Scattering Formulae

Polarised neutrons - polarisation analys s

Non-lip (42 ()] =GeF{s, @)™ k)" 45, 0" W k) Q) ()]

Flip (3200 =0n P <@ <@ ()] 5, fotk) <t}

Totd (52 00) =Gr{@)” +F 60" +5, 0" (lF () +QUF” )+ i) xQk )]

Unpolarised neutrons

(990 =trFlak) Fir)



Non-flip:

Flip:

T otal:

Unpolarised:

Formulae Explained

In addition to the nuclear scattering, it contains
the components of Q(k) parallel to the neutron
spin and a magneto-structural interference term.

It contains the components of Q(k) perpendicular
to the neutron spin, plus an additional term which
Is present only if Q(k) iscomplex.

It contains the nuclear term, the module sguare of
Q(k) and thetwo termswhich arelinear in s,,.

It contains only the nuclear term and the module
sguare of Q(k), since the two termswhich are
linear in s, cancel upon averaging.



Neutron beam polarisation

As we have seen, the scattering cross section dependson the
initial spindirections. Also, in general, the final direction of the
neutron spin s is not parallel to theinitial one s. Therefore, the
population of spinsin a neutron beam isgenerally altered by
magnetic scattering. One defines the neutron beam polarisation
as P=(§5,) ,where S, isthe neutron spin direction and the
average istaken over all the neutronsin the beam. The
transformation of the neutron polarisation upon scattering is
given by:

P, =DP +P,

Where D isatensor describing the effects of rotation and
depolarisation and P. describesthe creation of new polarisation.



The simplest case-|

Scattering of unpolarised neutrons from a collinear unmodul ated
sructure. Here, x isareciprocal lattice vector.

For collinear structures (all moments // m)

2
n atoms

Q(x)’ =sn? Z,ujfj(zc)e_'“

where a isthe angle between k and m

970 =Grur{ewrs

dQ

F ()}




The ssimplest case-|

It looks like all the information is there to solve the structure
even with unpolarised neutrons and powder diffraction. All the
magnetic moment magnitudes are contained in Q(x) with the
appropriate phase factors and signs. Also, the information about
the direction of the magnetic moments is there through the
prefactor sin(c). So, why bother with polarised neutrons and
single-crystal techniques?



Magnetic Powder Diffraction

Averaging of the sn?(a) term over the (quasi)-degenerate reflections.

« For Uniaxial Groups (3-fold, 4-fold, 6-fold) we
can only determine the angle ¢:

sin®a =1-1sin®ysin’p — cos’y cos’y

k AC

74 m
}f

* For Cubic Structures, the direction of the
magnetic momentsis undetermined:




Magnetic Powder Diffractometers-|

High-k range: For magnetic structure analysis, one
rarely needs to go beyond sin(0)/A=0.5. Wavelengths

> 2 A areidesl.
Low-krange: Itisessential to have good coverage at

low k, as many helimagnetic structures have very long
periodicity. k=0.5 A-1is the minimum acceptable to do
any sensible work. k=0.1 A-lisideal.

Resolution: it is desirable especially in structure with

low crystallographic symmetry, because it enablesto
reduce the accidental degeneracy.



CW Powder Diffractometers

» Most magnetic structure problems are first tackled
using high-intensity CW powder diffractometers (e.g.,
D1B). The biggest advantages are the excellent
coverage at low k, the high flux (that can be further
enhanced through focussing) and the smplicity of the
data structure. Resolution is generaly quite poor.

e The use of high-resolution machines (e.g., D2B) is
becoming more common, especially when the magnetic
moments are large, the structure has low symmetry and
there is an interplay between magnetism and structural
properties.



The High-Intensity CW Powder
diffractometer D1B at the IL

~— [Slding

|Monochromator|

Graphite filter

Neutron Beam

/

Vlonitor

R

Beam Stop

5104

104
5104

10*
510*

I(meas) / 108 (monitor counts)

1.00

TRy

5-10°

1 1 1 I 1 3 i i

10 [ 20 25 30
20 (deg)

Figure 2: Low-angle part of diffraction pattern for Ho,Y}.Ni!1B,C at
3 K with marked nuclear (N) and magnetic (1), T, 73) reflections.
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M eans to obtain a polarised beam

« Scattering from a magnetic crystal
(monochromatic): Cu,MnAl (Heuder), (Co,Fe)

1o t0) =Gk FHo* 25, RloF )

dQ

cancelsout for spins antiparallel to the magnetic
Interaction vector and |Q(k)[FF’ (k)

o Magnetic multilayers (white beam)

» 3He polarigng filters (white beam)



Uses of the neutron polarisation

Technique Materials Method Applications I nstruments
(examples)
Unpolarised Powders and Measure total Survey. Simple 8%'.3@%2% (ECI:\/IV\(/'II:'))OFP)
neutrons single crystals Cross section for | collinear D10, D15 (CWSX)
unpolarised structures
neutrons
Polarised Usu. single Set M, measure | Form factors, spin | D3
neutrons crystals, typically |with P parallel or | density
FM. antiparallel to M, | distributions.
to obtain
“Flipping ratios’
Uniaxial Powders and Set P, along any | Separate magnetic | D7
polarimetry single crystals direction and from nuclear TAS + polariser +
measure the scattering. Some | analyser.
projection of Ps non-collinear OSIRIS (future)
onto P,. structures
Spherical Single crystals Set P alongany | Complex non- TAS + polariser +
polarimetry. direction and collinear AFM analyser
measure the full | strcutures. +Cryopad

Ps.




D3 (ILL)

Helium gaz
pumping group

=
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Polarising
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_ Beam Stop

|| Rotating
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and monitor

Motorised slits —

do
dQ

Ao 1t 2Pysin® p+y*sin® p
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Rotating platform on air-pads

(k)] =0r{Qk) +F/(k)*+28, - [QK)F(K)]}

Ly =M (K)/F(k)

8

Magnetic amplitude (10-3yig)

2 i :
00 02 f 04
sin 6/4 [A-1)

Figure 2: The magnetic amplitude per V3* ion induced in V;,0; by 4.6 T at
180 K.The points denoted by @ are for reflections with { even and those
marked © are for £ odd.The full curve is the V3* 3d form factor normalised
108.2° 103 pig.

[10.0]

Figure 3: The section, parallel to (01.0) passing through the origin, of the
maximum entropy reconstruction of the difference between the observed
magnetisation distribution and that due to spherically symmetric V3* ions.
The @ marks the position of the Y3+ jon, the M that of the 02 ion in the
plane of the section and the O3 that of the OZ- which is 0.1 A below it. The
contours are logarithmically spaced with a factor of two between successive
levels. The highest contour is at 0.33+ 103 g A3,



Uniaxial Polarisation Analysis

* One-detector setup

_ Non spin-flip Spin-flip o, Nuclear Coherent
P.Hk 0.+30, 20,40, o: Nuclear spin-
_ incoherent
Plk | O.+30,+30,, 20,+350,, .. Magnetic (electrons)
« Multidetector setup
Non spin-flip Spin-flip

Plx |o.+i0+i0,8n’a| 20,+i0,, (L+cos’e) K.

1R 1 1 2 2 1 i A 2

Ply | 0,+30,t50,C08°a| 20,+50, (1+9n“)

S 115 141 24 41

RIZ | OcT30iT50n, 30i1t50m




D7 (ILL)

Diffuse scattering

Cold neutrons
Supermirror polarisers
32 detectors
1-directional polarisation
analysis. Separation of
coherent and incoherent
scattering

3-directional polarisation
analysis.Separation also of
magnetic scattering

Time-of-flight option
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Fields /7
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General Layout of D7 for Polarisation Analyses




Magnetic Symmetry
Paolo G. Radadlli



Svmmetry In the solid state

e Symmetry = invariance
* Think active! — everything is affected
e Ordering = symmetry breaking (lowering)

 Crystalline state = Trand ational invariance









Other types of symmetry

e Rotations

' A ¢ e
2-fold 3-fold 4-fold 6-fold
e |nversion O

e Mirror, 3 ..

 + non-primitive trandations....= 230 SG
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Effect of symmetry on magnetic moments

L @
\

m 2,,3,4,6 1 1

X 2! Tz 7' TZ

Unprimed | Flipss, Rotate s,, | No effect No effect

Sy

Primed Flip s, Rotate s,, |Flips,, s, |Does not

S, S, occur

Flip s,, s,,
S

Z




Basis Vectors

Sop thinking at vectors as arrows!

“Vectors’ are elements of alinear space, where
we define addition and multiplication by a
scalar (complex or real). E.g., wavefunction.
We can define a basis of linearly independent
Vectors.

Description of magnetic structures = find

“suitable” (highly symmetric) bases....



Propagation Vector

Y

e- i127k L

(92 *@@@@@@@

L

L T I

e- -i107k 'L |8nk L |6nk L e- idrk -L e- -i2nk ‘L e|2nk L e|4ﬂ:k L

Fourier Componexts (complex) >

Moments are classical, real axial vectors




The effect of translations upon the basis vectors

|

— ® ® ® ® ® ® ® ®

Generic basis vectors (real)

N N N
(PROAOECAC RGO

Fourier Components (complex)



The effect of translations upon the basis vectors

|

— ® ® ® ® ® ® ® ®

Generic basis vectors (real)

N N N
LR R OV R RSV

Fourier Components (complex)



The effect of translations upon the basis vectors
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Generic basis vectors (real)

el
SOVOOCOCD

Fourier Components (complex)
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Space Group P4=C;  k=(0,0,u)

¢

¢

+ &

Find asimple set of basis vectors to describe all magnetic
structures.

Find out how they are related by symmetry

Express this in matrix form.



Space Group P4=C;  k=(0,0,u)

0 90 180 270
* 9 ¢ ¢ o+ ¢ ¢+ o
o 0 f . ‘ o { 0 . . 0 .
¢ o o o o o~ o
* 9 % ¢+ o+ 9

¢ - e & - - ¢ - e & -
o o o o o o o' o
S ¢ ¢ ¢ o+
o ‘@ . ‘ o @0 . . ’ .
o o o o o o o o




Matrix representation

0 90 180 270
0o|o]o o|lo|ol|1 o|lol1]o0 o|1]o0
1|00 1|0o|o]o o|lo|olf1 0o |1
o110 o|1]o0|o0 1|0o|o]o o|olo
0|01 o|lol1]o0 o|1]o0|o0 10| o0

Fully reduce this to 1-dimensional representations.
Remember you have the following numbers at your disposal:
1,-1,1,-1. Oneof theirrepsistotally symmetric.

Remember composition rules....



Space Group P4=C;  k=(0,0,u)
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Magnetic powder diffraction and instrumentation
Paolo G. Radadlli
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Scattering condition for a single crystal

k. :277[§i k. =277Z§f p=hk () De Broglie

(k; —k;)-a;=Q-a, =2zh,

| Laue equation
hj =h,k,| (Miller indices) > d

Q=k, -k =t=27%ah,
S = Reciprocal lattice

Note: often peopleuse Q =k, —k;



Scattering triangle and Bragg law

Q:2ﬂ:47zsm9 pi:hki:@ 4 — /1
d A A 2sin@
27Th 3 -1
Av ="—=3.96x10° [A msec]
M, TOF

7{usec]=d | A[x505.4-L[m]-sing




Spacing formulae

1 1

dw’  (1+2cosacos fcosy—cos’ a—cos’ f—cos’ y)

2 ain2 2 ~ainr2 2 ~ain2
x{h sin a+k sin ,B+I sin 7/+2hk

> > (cosacos 3 —cosy)

a b? C ab

+i—kl(cos,b’cos y—cosa)+ Z—hI(COSaCOS Y- COS,B)}
c ac



The Scattering Function

P=¢g,,dVn, -IS(Q)dQ [particles / sec]

n, ["units"/A®] number density

S(Q) [barns =10**cm?] Scattering function

Sometimes S(Q) is normalised to S_(Q)



Magnetic Scattering of Neutrons

Neutrons are strongly scattered from magnetic moments.
The scattering amplitude from an ion isof the order of

YL, Where:

Y = —-1.91 Neutron magnetic moment
In nuclear magnetons (pin +
orbital).

r,= 0.282 -1012cm  Electron classcal radius (e2/m.c?)
L = ion magnetic moment in Bohr magnetons.

For comparison, typical nuclear scattering amplitudes for
neutrons are of the order of 0.5-1.0 -10-12 cm.



Single-atom magnetic scattering factors

A 1
Amag =T 7T (Q)ﬂ?

unpol
(g—gjmag =(re-y-fm(Q)-ﬂ)Z-Q—ﬂ\mefo

(QxmxQ)

_Jarm(r)e®

W (Q)= jdrM(r)

y:—lglﬂn ,ﬂn ::U966 IL[B . IL[B :2h_e:925X10_24JT_1
m



The Magnetic Form Factor

o)
1.00

<WU v (r)e‘Q‘r dr3‘w> over asingle atom ‘”“’f'
<wUI\7I (r)dr3‘z//>

In the isotropic case:

H(Q)=

0.40 +

0.20

F(Q= Q= {1a@)+(1- 2)(1-(Q) N

(sin 0)/A (A7)

1.5

Fig. 6.1.2.2. Comparison of 3d, 44, 4f, and 5f form factors. The 3¢
form factor is for Co, and the 4d for Rh, both calculated fron
wavefunctions given by Clementi & Roetti (1974). The 4f forn
factor is for Gd** calculated by Freeman & Desclaux (1972) anc
the 5f is that for U** given by Desclaux & Freeman (1978).

From: International Tables of Crystallography, Volume C, ed. by AJC Wilson, Kluwer Ac. Pub., 1998, p. 513



Atomic scattering factors

An =T, -[P +(1-P)cos’ 26?]}/2 -f(Q)
(a—“j =1, [P +(1-P)cos’ 26 |-[f (Q)
92 pom X-rays
2
r=—_=0281810% m r’=7.94x10" bamns
mc
f(q)= [drp(r)e™
Ag)h = Deon Neutrons
o 2
(a—g)mh =|ben|  [barns] (nuclear)
Amag =T, 7fm (Q):urﬁ
80‘ unpol ) 1 R 5
) =7 h(Qu) galexmxq Neutrons
mag .
_ magnetic
J'drl\/l(r)e'Q'r (mag )
f(Q) =7 —
J'drM(r)

_ he

y=-1.91p ;pu =1966 u; ; i, —2—:9.25><10’24JT’1
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Fermi lengths vs atomic weight

iTi . 'Mn ,
40 80 120 160

Atomic weight

200



Propagation Vector
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Moments are classical, real axial vectors




Scattering of neutrons from magnetic structures

m., rﬁe igkR 4 o

Qxm i xQ SORW Q) _

AQ=r.72 Q) o

=re-;/-ZI\7I N +I\/| " @R
n

=3t (Q)meQz JXQe—w Q
]

It isuseful to define Q, the magnetic interaction vector



Scattering of neutrons from magnetic structures-||

ao_ unpol e . -
(agj =AQ)-A (Q)=

mag

_ 2N TN @Ry L\ * d@ R T M *a i @)Re LN @ i(Q@K)Ry
=(r,-7) Z[Mpe +M e ]-[Mpe +M e ]

n,n’

=(r,-y)° NYM -M [ei‘Q+k)'R“ +ei‘Q‘k)'R“]+

n
2 7 v 1(Q+K)-R,=i(Q-K)}Ry | N * . N *ai(Q-K)R,—i(Q+k)-Ry
Hre ) 2 [M, M, @ +M M e |
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Case 1: k Isageneric point in the Brillouin zone

2k #K

2 —_

(r,-7)"NM p-l\7l p*l:§(Q—K+k)+§(Q—K—k):|

TR
Q| QU
513

N

g 3
Il



Case 2: k iIsaLifshits vector (special point of symmetry)

2k =k

unpol
(aj (1 )P NS(Qkk)[ 2, N 46,46 W
mag

P Y

=4(r,7)" N6(Q—k+k)|ReM |

n//

()™ +cc.=2m, cosg, (-1)



Magnetic Scattering Formulae

Polarised neutrons - polarisation analysis

Non-flip

[g_g(QﬂH=(7fe)2{‘§n"\"p(Q)r*\F'(Q)\Z*én'w  (QF'(Q)+M,(Q)F" (@]

Flip (S—S(Q)j+=(7’re)2{[§anp(Q)].[§anp*(Q)]+i§n-[l\7lp(Q)*><Mp(Q)}}

Total
(g—g(Q)j =(7re)2{ M, (Q) +[F'(Q)f +5, -[|\7| (Q)F(Q)+M (Q)F” (Q)+iM ,(Q) >

Unpolarised neutrons

—

(92@) " =(m) {9, (@f +F (@]



Non-flip:

Flip:

T otal:

Unpolarised:

Formulae Explained

In addition to the nuclear scattering, it contains
th(_e components of M (Q) Qara_\l lel to the neutron
spin and a magneto-structural interference term.

It contains the components of M ,(Q)

perpendicular to the neutron spin, plus an
additional term which is present only if M (Q) is
compl ex.

It contains the nuclear term, the module sguare of
M,(Q) and the two termswhich arelinear in s,

It contains only the nuclear term and the module
square of M (Q), since the two terms which are
linear in s, cancel upon averaging.



SX Scattering Function

3
S(Q) = (2\7) Y 6% (Q-1)[F (¢ [pams
0 T

v, [A%] unit cell volume
n, = 1 [uc./A®]  number density
VO

T R.L. nodes



Debye-Scherrer cones and powder stats

0
N Scamed
1t/2—0
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Powder Scattering Function

S(Q)—Zﬂ Zm <g ?) ‘F(’C)‘Z barns]
mod T

v, [A%] unit cell volume

n,= 1 p[uc./A’] number density

T R.L. nodes
m multiplicity
p packing fraction



The simplest case-|

Scattering of unpolarised neutrons from a collinear unmodul ated
structure. Here, x isareciprocal lattice vector.

For collinear structures (all moments// m)

2
n atoms

M, (@Q) =sin’ Z uif Qe

where ¢ isthe angle between Qandm

9o@) " =y {, @) +F @]



The ssimplest case-|

It looks like all the information is there to solve the structure
even with unpolarised neutrons and powder diffraction. All the
magnetic moment magnitudes are contained in M (Q) with the
appropriate phase factors and signs. Also, the information about
the direction of the magnetic moments is there through the
prefactor sin(¢a). So, why bother with polarised neutrons and
single-crystal techniques?



Magnetic Powder Diffraction

Averaging of the sin?(a) term over the (quasi)-degenerate reflections:

* For Uniaxial Groups (3-fold, 4-fold, 6-fold) we
can only determine the angle ¢

sin® o =1-1sin’ysin®p — cos’wcos’p

+ C
Q

/4 m
y

 For Cubic Structures, the direction of the
magnetic moments is undetermined:

sin® =2/,




Magnetic Powder Diffractometers-|

High-Q range: For magnetic structure analysis, one
rarely needs to go beyond sin(0)/A=0.5. Wavelengths

> 2 A areideal.
Low-Q range: It isessential to have good coverage at

low k, as many helimagnetic structures have very long
periodicity. Q=0.5 A-1isthe minimum acceptable to
do any sensible work. Q=0.1 A-lisideal.

Resolution: it is desirable especially in structure with

low crystallographic symmetry, because it enablesto
reduce the accidental degeneracy.



CW Powder Diffractometers

» Most magnetic structure problems are first tackled
using high-intensity CW powder diffractometers (e.g.,
D1B). The biggest advantages are the excellent
coverage at low Q, the high flux (that can be further
enhanced through focussing) and the smplicity of the
data structure. Resolution is generaly quite poor.

e The use of high-resolution machines (e.g., D2B) is
becoming more common, especially when the magnetic
moments are large, the structure has low symmetry and
there is an interplay between magnetism and structural
properties.



The High-Intensity CW Powder
diffractometer D1B at the IL

~— [Slding

|Monochromator|
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Figure 2: Low-angle part of diffraction pattern for Ho,Y}.Ni!1B,C at
3 K with marked nuclear (N) and magnetic (1), T, 73) reflections.
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